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L. F. Chaparro, E. Sejdić, A. Can, O. Alkishriwo(1) , S. Şenay
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Abstract—Non–stationarity relates to the variation over time
of the statistics of a signal. Therefore, signals from practical
applications which are realizations of non–stationary processes
are difficult to represent and to process. In this paper, we provide
a comprehensive discussion of the asynchronous representation
and processing of non–stationary signals using a time-frequency
framework. Power consumption and type of processing imposed
by the size of the devices in many applications motivate the
use of asynchronous, rather than conventional synchronous,
approaches. This leads to the consideration of non–uniform,
signal–dependent level–crossing and asynchronous sigma delta
modulator (ASDM) based sampling. Reconstruction from a non–
uniform sampled signal is made possible by connecting the sinc
and the Prolate Spheroidal Wave (PSW) functions — a more
appropriate basis. Two decomposition procedures are considered.
One is based on the ASDM that generalizes the Haar wavelet
representation and is used for representing analog non–stationary
signals. The second decomposer is for representing discrete non–
stationary signals. It is based on a linear-chirp based transform
that provides local time-frequency parametric representations
based on linear chirps as intrinsic mode functions. Important
applications of these procedures are the compression and processing of biomedical signals as it will be illustrated.
Index Terms—Asynchronous signal processing; level–crossing
sampling; asynchronous sigma delta modulators; time-frequency
analysis; discrete linear chirp transform; non–stationary signals.

I. I NTRODUCTION

I

(2) ,

N most practical applications, signals under consideration
are non–stationary. Conceptually, non–stationarity relates
to the variation over time of the statistics of the signal. Thus
the representation and processing of non–stationary signals
is typically done assuming that the statistics either do not
change with time (stationarity) or that remain constant in
short time intervals (local stationarity). However, as Priestley
[3] indicates: “... stationarity is a mathematical idealization
that in some cases may be valid only as an approximation
to the real situation.” To consider the time–variability, non–
stationary behavior needs to be connected to joint time–
frequency spectral characterization even though the analysis
is complicated by the inverse time and frequency relationship
as set by the uncertainty principle [7], [23]. According to
the Wold–Cramer representation [3], a non–stationary process
can be thought of as the output of a time–varying system.
As such, the distribution of the power of a non–stationary

signal is a function of time and frequency [5], [6]. Therefore
to process synchronously non–stationary signals, according to
the Nyquist–Shannon sampling theory, it is necessary that they
be sampled using a continuously varying sampling period.
However, conventional synchronous processing assumes the
signal being processed is band–limited and thus sampled
uniformly with a sampling period that depends on the maximum frequency present in the signal. By ignoring that the
frequency content is changing with time unnecessary samples
are collected in regions where the signal is quiescent. A more
appropriate approach would be to make the process signal–
dependent.
Besides the signal–dependence of the processing, power consumption and type of processing are issues of great importance
in many biomedical and sensor network applications that also
need to be considered. In brain computer interfacing [19], for
instance, the size of the devices, the difficulty in replacing
batteries, possible harms to the patient from high frequencies
generated by fast clocks, and the high power cost incurred in
data transmission point to the need for asynchronous methodologies [10], [13], [15], [17], [22], and analog processing
[16].
The Lebesgue sum, instead of the Riemann’s sum used in uniform sampling, provides the rational for level–crossing (LC)
sampling [15], [17], a signal–dependent approach. For a fixed
set of quantization levels, the LC sampler acquires a sample
whenever the signal coincides with one of those levels. Level–
crossing sampling is independent of the Nyquist–Shannon
band–limited signal constraint and has no quantization error
in the amplitude. Although very efficient in the collection of
significant data from the signal, LC sampling requires an a
priori set of quantization levels and results in non–uniform
sampling where for each sample we need to know not only
the value of the sample but also the time at which it occurs.
Selecting quantization levels that depend on the signal, rather
than fixed levels, as is commonly done, is an issue of research
interest [15], [24].
Although the signal–dependent strategy of LC sampling, akin
to using signal sparseness in compressive sensing, provides
an efficient sampling method for non–stationary signals it
complicates the signal reconstruction. Reconstruction based
on the Nyquits-Shannon’s sampling theory (also attributed to
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E. T. Whittaker and V. A. Kotelnikov) requires the signal
to be band–limited. In practice, just like the assumption of
stationarity, the band–limitedness condition on non–stationary
signals is not appropriate: bandwidth is not an exact measure
of the frequency content of a signal but rather a mathematical
idealization, and the spectral representation of non–stationary
signals is time–varying. Furthermore, Shannon’s sinc interpolation for band–limited signals is not a well–posed problem.
The sinc basis can be replaced by the prolate spheroidal wave
(PSW) functions [1] having better time and frequency localization than the sinc function [11], [22]. The PSW functions allow
more compression in the sampling [22], [28] and whenever the
signal has band–pass characteristics, modulated PSW functions provide parsimonious representations [20], [25]. More
importantly, the multi–level representation obtained through
LC provides a way to process these analog signals digitally
[16] — a desirable processing in many applications.
A different approach to sampling and reconstructing non–
stationary signals, while satisfying the signal dependence and
the low–power consumption, is possible using the Asynchronous Sigma Delta Modulator (ASDM) [13], [18]. The
ASDM is a non–linear feedback system that maps a bounded
analog signal into a binary signal with zero–crossing times
that depend on the amplitude of the signal. It can be shown
that the ASDM operation is an adaptive LC sampling scheme
[24]. Moreover, using duty–cycle modulation we obtain a
multi–level representation of an analog signal in terms of
localized averages — computed in windows with supports that
depend on the amplitude of the signal. Such representation
allows us to obtain a signal decomposition that generalizes
the Haar wavelet representation [26]. As we will show this is
accomplished by latticing the time–frequency plane choosing
fixed frequency ranges and allowing the time–windows to be
set by the signal in each of these frequency ranges.
Synchronous processing is a special case of asynchronous
processing. And thus, if the non–stationary signal is available
as a sampled signal or as a discrete signal, one could use the
localized processing. We have thus developed the Discrete Linear Chirp transformation (DLCT) [29] that compares well with
the empirical mode decomposition (EMD) [9], [12], [30]. The
EMD is a decomposition into intrinsic mode functions (IMFs)
which satisfy a symmetry condition on their envelopes and
the matching of their number of extrema and zero–crossings.
Using the fact that generalized discrete chirp functions can
be made to satisfy the IMF conditions, by decreasing the
support locally linear chirps — instead of higher–order chirps
— can be used to represent discrete non–stationary signals.
The DLCT generalizes the Discrete Fourier transform (DFT)
and can be used to obtain time–frequency representations of
multi–component, discrete non–stationary signals just like the
EMD, but using linear chirps as orthogonal basis functions as
the IMFs.
Our main objective in this paper is to present, relate and
develop further current techniques for asynchronous processing of non–stationary signals while pointing to their time–
frequency framework. As such, we have organized the material

as follows. In section II, we consider the Wold—Cramer
spectral representation of non–stationary signals to highlight
the time–varying nature of the statistics as well as the need
to develop localized approaches for time–frequency representations. In section III, the non–uniform sampling required by
the time–variation of the frequencies in non–stationary signals
is presented. We then propose improvements on the sampling
and reconstruction provided by LC samplers using the ASDM,
resulting in a localized decomposition that generalizes the
Haar wavelet representation of analog non–stationary signals.
Finally, in section IV we consider a localized time–frequency
approach for the decomposition of discrete non–stationary
signals using the concept of the IMFs. We show that the
local processing using generalizations of the Fourier transform
approaches is possible and of great practical significance.
Simulations are given to illustrate the main topic in each of
the sections. Conclusions follow in section V.
II. N ON – STATIONARY R ANDOM P ROCESSES
To highlight the time–varying nature of the statistics of non–
stationary signals and their time–frequency spectral representation, we briefly review the Wold–Cramer decomposition
[3]. A non–stationary process x(t) can be represented as the
output of a linear, time–varying system with impulse response
h(t, τ )
Z ∞
h(t, τ )ε(τ )dτ
(1)
x(t) =
−∞

where the white noise ε(t), as a stationary process, is expressed in terms of sinusoids with random amplitudes and
phases:
Z ∞
ε(t) =
ejΩt dZ(Ω)
(2)
−∞

and Z(Ω) is a random process with orthogonal increments:

E[dZ(Ω1 )dZ ∗ (Ω2 )] = 0
Ω1 6= Ω2 and
dΩ
.
E[|dZ(Ω)|2 ] =
2π
Replacing (2) into (1), we can express the non–stationary
process as
Z ∞
x(t) =
H(t, Ω)ejΩt dZ(Ω)
where
−∞
Z ∞
H(t, Ω) =
h(t, τ )e−jΩ(t−τ ) dτ
(3)
−∞

is the generalized transfer function of the linear time–varying
system. Given the above representation, the mean and variance
of x(t) are functions of time:
Z ∞
ηx (t) = ηε
h(t, τ )dτ
−∞
Z ∞
1
|H(t, Ω)|2 dΩ.
E[|x(t) − ηx (t)|2 ] =
2π −∞
The Wold–Cramer evolutionary spectrum is defines as
S(t, Ω) = |H(t, Ω)|2

(4)
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or the distribution of the power of the non–stationary process
x(t) at each time t as a function of the frequency Ω. This
definition constitutes a special case of Priestley’s evolutionary
spectrum [3]. Instead of a class of oscillatory functions, as
in Priestley’s general case, the Wold–Cramer evolutionary
spectrum is uniquely given by the representation of the non–
stationary process. Estimators of the evolutionary spectrum are
proposed in [5] and [6].

[11]. The advantage of using PSW functions is that among
all the orthogonal bases defined in a time-limited domain
[−T, T ], they have the maximum energy concentration within
a given band of frequencies (−W, W ). These functions are
eigenfunctions of the integral operator
Z T
1
φn (x)S(t − x)dx
(6)
φn (t) =
λn −T

III. N ON – UNIFORM S AMPLING

where S(t) is the sinc function and {λn } are the corresponding eigenvalues. Significantly, the sinc function S(t) can be
expanded in terms of the PSW basis {φn (t)} for a sampling
period Ts as:

Since the Wold–Cramer evolutionary spectrum changes continuously with time, to process discretely non–stationary signals
requires, according to the Shannon–Nyquist theory, that they
be sampled using a continuously varying sampling period. As
such sampling using a uniform sampling period, determined
by the highest frequency in the signal, is wasteful in the
regions with low activity. Thus, two issues of interest are:
how to sample and reconstruct non–stationary signals and
how to decompose such signals following a time–frequency
perspective. In this section we consider these issues.
A. Level Crossing Sampling and Reconstruction
A signal–dependent and efficient sampler, especially for signals sparse in time, is the level crossing (LC) sampler [17].
For a set of amplitude quantization levels {qi } an LC sampler
(Fig. 1) acquires a sample whenever the amplitude of the signal
coincides with one of the given quantization levels. This results
in non–uniform sampling with more samples taken in regions
where the signal has significant activity and fewer where the
signal is quiescent. Although LC sampling requires the value
of the sample and the time at which it occurs to be kept, it
has the advantage that no band–limited constraint is required.
From the sample values obtained by the LC sampler, the signal
x(t) is approximated by the multilevel signal
X
x̂(t) =
qk pk (t)
(5)
k

for a unit pulse pk (t) = u(t − tk ) − u(t − tk+1 ), tk+1 > tk ,
where u(t) is the unit-step signal, and qk the quantization level
that coincides with x(tk ). Typically the quantization levels
are chosen uniformly, but better choices have been considered
[17], [24].

q4
q3
q2

φm (kTs )φm (t)

q0

t0

(7)

m=0

allowing us to express Shannon’s sinc interpolation in the
following equivalent way:
" ∞
#
∞
X
X
x(t) =
x(kTs )φm (kTs ) φm (t).
(8)
m=0

k=−∞

Now, if x(t) has finite support 0 ≤ t ≤ (N − 1)Ts , a Fourier
transform X(Ω), and is essentially band-limited in a frequency
band (−W, W ), or equivalently the energy
"Z
#
Z −W
∞
1
2
2
|X(Ω)| dΩ +
|X(Ω)| dΩ → 0
η=
2π||x||2 W
−∞
outside this band, then x(t) can be expressed as
x(t) =

M
−1
X

γm φm (t)

m=0

where γm =

N
−1
X

x(kTs )φm (kTs )

(9)

k=0

for a value M chosen from the eigenvalues {λn } that indicate
the energy concentration. It is important to remark that given
the connection with time and frequency used to obtain equation (9) it is a time–frequency representation of x(t).
Now, we can represent N`c measurements {x(tk )}, for nonuniform times {tk , k = 0, · · · , N`c − 1}, acquired by an LC
sampler, using PSW functions as
x(tk ) = Φ(tk )γM

γM = Φ† (tk )x(tk )

q1

Fig. 1.

∞
X

(10)

where Φ(tk ) is an N`c × M matrix —in general not square
as typically M < N`c — with entries {φi (tk )} computed at
the times {tk } in the vector tk . The expansion coefficients
{γm }in the vector γM are found as

x(t)

q

S(t − kTs ) =

t1 t2 t3

t

1

Level-crossing sampler with uniform quantization levels.

To improve the multilevel approximation x̂(t), prolate
spheroidal wave (PSW) functions {φm (t)} have been used [1],

(11)

where † indicates pseudo-inverse. Replacing the obtained
coefficients in the top equation in (9) provides at best an
approximation to the original signal. However, depending on
the distribution of the time samples, the above problem could
become ill-conditioned.
Regularization techniques [2], [4] are needed to obtain meaningful solutions of ill–conditioned problems. The Tikhonov
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regularized solution of the measurement equation (10) can be
posed as the mean–square minimization
γM µ = arg min{kΦ(tk )γM − x(tk )k2 + µkγM k2 }
γM

(12)

where the regularization parameter µ represents the tradeoff
between losses and smoothness of the solution. Notice that if
µ = 0 the solution coincides with the pseudo-inverse solution
(11). In general, the Tikhonov regularization decreases the
effect of singular values smaller than µ. The optimal value
for the regularization parameter µ is determined by ad-hoc
methods [4], [28].

appropriate quantization levels, and (iii) lacking a reconstruction error measure. In this section we show that sampling and
reconstruction using an asynchronous sigma delta modulator
(ASDM) [24] improve on these three issues. An ASDM [13]
is a nonlinear feedback system that operates at low power
and consists of an integrator and a Schmitt trigger (see Fig.
4). It has been used to time encode a bounded and band–
limited analog signal into a continuous-time signal with binary
amplitude [13].
z(t)

x(t)

The regularized solution γM µ of (12) is given by
T

−1

γM µ = (Φ(tk ) Φ(tk ) + µI)

T

Φ(tk ) x(tk ).

+

(13)

100

x(tk)
80

x(t)

60
40
20

−40

(.)dt

Fig. 4.

b
y(t)

−δ

δ
−b

Schmitt Trigger

z(t)
b
t1

−b

t3
t2

t

Asynchronous Sigma Delta Modulator

For a bounded signal x(t), |x(t)| ≤ c, and an appropriate
value of the ASDM scale parameter κ, the ASDM maps the
amplitude of x(t) into a binary signal z(t) of amplitude ±b.
If in tk ≤ t ≤ tk+1 the output of the Schmitt trigger is the
binary signal z(t) = b(−1)k+1 [u(t − tk ) − u(t − tk+1 )] where
u(t) is the unit–step function and b > c, the output of the
integrator y(t) is bounded, i.e., |y(t)| < δ. Thus, the difference
y(tk+1 ) − y(tk ) = ±2δ is equal to
Z tk+1

1
k+1
x(τ )dτ − (−1)
b(tk+1 − tk )
κ tk

(14)

tk

−60
−80

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

t(sec)

Fig. 2.

y(t)

and gives the integral equation [13]:
Z tk+1
x(τ )dτ = (−1)k [−b(tk+1 − tk ) + 2κδ].

0
−20

−100

�

Integrator
t

To illustrate the LC sampling and the reconstruction using
Tikhonov’s regularization, consider a chirp signal being sampled with an LC sampler of fixed quantization values. Figure
2 displays the LC sampled signal, while Fig. 3 shows the
reconstructed and the error signals using a regularization
parameter µ = 10−4 . Although the last segment of the signal
is recovered, the initial part is not. This is in part due to
the choice of quantization levels that are more suited for signals segments with larger amplitudes and higher frequencies.

−

1
κ

Chirp signal being LC sampled using fixed quantization levels.

Thus the amplitude information of x(t) is now related to the
duration of the pulses in z(t) or equivalently to the zero–
crossing times {tk }. Moreover, approximating the integral
equation (14) gives an approximation of the signal using the
zero–crossing times [18].
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5

100

maxk (tk+1 − tk ) ≤ TN
where TN ≤ 1/2fmax is the Nyquist sampling period for
a band–limited signal with maximum frequency fmax . Thus,
using equation (14) we obtain

50
0
−50
−100

For band–limited signals, perfect reconstruction from non–
uniform samples can be attained provided that the zero–
crossing times {tk } satisfy the condition [13]:
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Fig. 3. Top: recovered signal using Tiknonov’s regularization with µ =
10−4 . Bottom: reconstruction error.

B. Asynchronous Sigma Delta Modulator Sampling and Reconstruction
The LC technique has three main drawbacks: (i) requiring
both amplitude and time for each of the samples, (ii) selecting

2κδ
2κδ
≤ tk+1 − tk ≤
≤ TN
(15)
b+c
b−c
which gives a way to choose the scale parameter κ in terms
of the Nyquist sampling rate. Letting δ = 0.5 we have
κ ≤ TN (b − c) ≤

b−c
2fmax

(16)

indicating the scale parameter κ depends not only on the
maximum frequency of the signal but on the difference in
amplitude of the signal, c, and the choice of b.
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The sequence of binary rectangular pulses z(t) is characterized
by the duty-cycle 0 < αk /Tk < 1 of two consecutive pulses
of duration Tk = αk + βk where αk = tk+1 − tk and βk =
tk+2 − tk+1 . Letting
ζk =

αk − βk
αk + βk

we have that the duty cycle αk /Tk = (1 + ζk )/2 where, as
shown next, ζk is the local average of x(t) in tk ≤ t ≤ tk+1 .
Indeed, the integral equation (14) can be written in terms of
z(t) as
Z tk+1
Z tk+1
x(τ )dτ = (−1)k+1
z(τ )dτ + 2(−1)k κδ
tk

tk

which can be used to get local estimate of the signal average
ζk in [tk , tk+2 ]:

1
Tk

Z

tk+2

tk

x(τ )dτ

=

(−1)k+1
Tk

Z tk+1

z(t)dt

 tk
|
{z
}
αk




−
z(t)dt

tk+1

|
{z
}
Z

tk+2

βk

where as indicate above Tk = tk+2 − tk = αk + βk .
Thus, for a bounded and band-limited analog signal the
corresponding scale parameter determines the width of an
appropriate window — according to the non–uniform zero–
crossing times — to compute an estimate of the local average.
Thus, the ASDM provides either a binary representation of
its input x(t) by its binary output z(t) and the integral
equation, or a sequence of local averages {ζk } at non–uniform
times {t2k }. Different from the LC sampler, the ASDM only
requires the sample times, the quantization levels are set by the
amplitude of the signal. The main drawback of this approach,
however, is the condition that the input signal be band–limited
so as to obtain a value for κ. A possible alternative to avoid this
is to lattice the time–frequency plane by arbitrary frequency
windows and for the signal component in each of these ranges
to have arbitrary time windows according to their amplitude.
This results in an asynchronous decomposition which we
discuss next.
C. ASDM–based Decomposition for Analog Signals
The local–average approximation obtained above for a scale
parameter κ of the ASDM is similar to the Haar wavelet
representation [8] but with the distinction that the time–
windows are signal–dependent instead of being fixed. Indeed,
it is possible to generate pulses with duty–cycle determined by
the sequence {αk , βk }. Indeed, if ν(t) = u(t)−u(t−0.5) is a
scaling function the wavelet function can be defined as




0.5t
0.5t
ψαk ,βk ,tk ,tk+1 (t) = ν
− tk − ν
− tk+1
αk
βk

So that local averages are found as
ζk =

1
tk+2 − tk

Z

tk+2

ψαk ,βk ,tk ,tk+1 (t)z(t)dt

(17)

tk

giving an approximation for x(t) similar to the one given by
a wavelet representation:
x̂(t) =
k

X

ζk pk (t)

(18)

even

for unit pulse pk (t) = u(t − tk ) − u(t − tk+2 ). This is a
generalization of the Haar wavelet [8] for a particular value
of the scale κ. As such, our representation has the properties
of wavelet representations.
For a scale parameter κ for the ASDM, the resulting set of
local averages {ζk } — depending on the zero–crossing times
{tk } or {αk , βk } — provide the multi–level approximation
(18) of x(t). Considering that ζk is the best mean–square
estimator of the signal in [tk , tk+2 ] when no data is provided,
the ASDM can be thought of an optimal LC sampler. More
importantly, using different values of κ allows us to obtain
different scale representations of the signal.
The scale decomposition is obtained by latticing the time–
frequency plane so that the frequency axis is segmented
to obtain related scale parameters κ` , and the time axis is
divided according to the width of the different time–windows
determined by the scale parameters. For instance, to obtain a
set of scales
κ` =

κ1
2`−1

` = 2, · · · , L

we would choose a narrow–band low–pass filter with bandwidth f1 such that κ1 = (b − c)/f1 according to (16), and
for the next modules we would choose low–pass filters of
bandwidths 2`−1 f1 (Hz), ` = 2, · · · , L − 1, i.e., it is doubled
at each module after the first to cover the bandwidth of the
input signal. This is the equivalent of anti–aliasing filtering in
the Shannon-Nyquist sampling theory. These scale low–pass
filters allow us to obtain appropriate scale parameters for the
ASDMs in the decomposer.
The decomposer consists of L cascaded modules, each having
a scale low–pass filter, an ASDM, an averager, a smoothing
low-pass filter and an adder. Figure 5 shows two modules of
the decomposer. The number of modules, L, is determined by
the range of frequencies of interest in the signal. For a certain
scale κ` , determined by the maximum cutoff frequency of the
corresponding scale filter, the ASDM maps the input signal
into a sequence {αk,` , βk,` } which the averager converts into
local averages {ζk,` }. The smoothing low-pass filter, after the
averager, is used to avoid discontinuities that may occur when
the multi-level signal d` (t) is subtracted from the input signal
of the corresponding module. Each of these modules operates
similarly but at a different scale.
The input to the modules beyond the first one can be written
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κ1
z1 (t)

x1 (t)

x(t)

LPF-1

m1 (t)

Averager

ASDM

LPF

d1 (t)

-

f1 (t)

LPF-2

+

κ2
z2 (t)

x2 (t)

m2 (t)
Averager

ASDM

LPF

d2 (t)
f2 (t)

+
Module 1

Module 2

Fig. 5. Two module ASDM–based decomposer: a bounded analog non–stationary signal x(t) is the input, {d` (t)} are the multi–level low–frequency
components, and {f` (t)} the residual signals.

Fig. 8 displays the multilevel signals di , i = 1, 2. The histograms on the right side of the figure show the prevalence of
some averages. Selecting the most prevalent averages and the
corresponding zero–crossing [tk , tk+2 ] provide a compressed
representation of the signal.

sequentially as follows,
f1 (t)

=

f2 (t) =
..
.
fL (t)

=

x(t) − d1 (t)

f1 (t) − d2 (t) = x(t) − d1 (t) − d2 (t)
x(t) −

L
X

d` (t).

(19)

40

40

30

30

(a) 20

20

10

10

`=1

0
−500

We thus have the decomposition
x(t) =

L
X
`=1

L X
X

d` (t) + fL (t) ≈

`=1

(b)

ζk,` pk (t) + fL (t) (20)

k

where the {d` (t)} are the low–frequency components of x(t)
and of {fk (t)}, fL (t) can be thought of as the error of the
decomposition and as before pk (t) = u(t − tk ) − u(t − tk+2 ).
The averages {ζk,` } depend on the scale being used and
computed as in (17). This scale decomposition is analogous
to a wavelet decomposition for continuous signals.
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Fig. 7. Left: spectra of phonocardiogram recording of a heart sound without
noise (a); of the reconstructed signal (b); and of the reconstruction error (c).
Right: spectra of phonocardiogram recording of a heart sound with additive
noise (d); of the reconstructed signal (e); and of the reconstruction error (f).
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Fig. 6. Left: phonocardiogram recording of a heart sound without noise (a);
reconstructed signal (b); and reconstruction error (c). Right: phonocardiogram
recording with additive noise (d); reconstructed signal (e); and reconstruction
error (f).

To illustrate the performance of the decomposer we consider a
phonocardiogram recording of a heart sound, shown on the top
left of Fig. 6, and interpolated to approximate an analog signal
in the simulation. In Figs. 6 and 7, we display the reconstruction of the original with and without additive noise. Similar
to a wavelet representation, the decomposition algorithm is
robust to additive, zero–mean noise. The reconstructed signal
in both cases are very similar. For the noise–free recording,

1

4000

0.5

3000

0

2000

−0.5

1000

−1

0

0.2

0.4

0.6

(b)

0

0.5

(c)

0.8

1

0
−0.5

0

0.5

(d)

Fig. 8. Multilevel signal components for noiseless recording, (a) and (b);
histograms of the averages for the components, (c) and (d).

IV. L INEAR –C HIRP D ECOMPOSITION
Synchronous sampling is a special case of asynchronous
sampling. As such, according to equations (14) and (16),
letting δ = 0.5, the ASDM scale parameter that would give
uniform sampling with a sampling period TN = tk+1 − tk
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Fig. 9. Original uniformly sampled speech segment (a); reconstructed signal
using 5 components (b); and (c) reconstruction error.
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Intrinsic mode functions (IMFs), i.e., functions with a point–
wise zero–mean envelop and matching extrema and zero–
crossings, are the basis for the empirical mode decomposition
(EMD) [9], [30]. Although the EMD does not attempt to
optimize an error criteria or to use orthogonal basis functions,
it is in most cases an efficient signal–dependent and intuitive
approach to represent non–stationary signals. The EMD is connected through the Hilbert transform to a time-frequency spectrum, the Hilbert spectrum, where the instantaneous frequency
of each of the components is obtained [12], [21].
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0
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,
k = 0, 1, · · ·
(21)
|κk | ≤
2fmax
clearly indicating the dependence of the scale parameter on
the amplitude as well as on the maximum frequency of the
signal. Although using an ASDM for uniform sampling might
not be a practical approach, the above suggests that amplitude
as well as frequency need to be considered in the sampling
process. In this section, we will explore the local processing
used before for uniformly sampled or discrete non–stationary
signals.

To illustrate the decomposition with the DLCT, consider the
uniformly sampled speech segment shown in Fig. 9(a). Such
a signal is decomposed into the five components {si (n)}
shown in Fig. 10 along with their spectra. Notice these five
components display the characteristics of IMFs and that the
first four display no frequency overlap due to the orthogonality
of the basis. Using these five components a reconstruction of
the signal and its error are shown in Fig. 9(b) and (c).
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satisfying the Nyquist conditions is
Z TN
k
x(τ + kTN )dτ + bTN and
κk = (−1)
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with the duration T adjusted, so that the extrema and the
number of zero crossings match, constitutes an IMF. Decreasing the support of the chirp we could consider linear chirps
rather than higher–order chirps to obtain a local representation.
In [29] we have proposed a local signal representation using
linear chirps, or the discrete linear chirp transform (DLCT).
Such a transformation is an extension of the DFT and provides
a local IMF decomposition for discrete non–stationary signals.
For x(n), 0 ≤ n ≤ N − 1, we obtain a decomposition


L/2−1 N −1
X X X(k, `)
2π
exp j (`Cn2 + kn)
x(n) =
LN
N

s3(n)
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Fig. 10.
spectra.
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`=−L/2 k=0

0 ≤ n ≤ N − 1, C = 2Λ/L

(22)

where the chirp–rate is discretized to a finite domain [−Λ, Λ]
with resolution 1/L, and


N
−1
X
2π
2
X(k, `) =
x(n) exp −j (`Cn + kn) ,
N
n=0

L
L
≤ ` ≤ − 1. (23)
2
2
It is important to notice that X(k, 0) is the DFT of x(n), and
that different from the Hilbert spectrum the DLCT provides
a parametric representation of the instantaneous frequency of
each of the signal components. The parameters can be obtained
from the peaks of the magnitude square |X(k, `)|2 connected
with the energy distribution of the signal.
0 ≤ k ≤ N − 1,

−

Since non–stationary signals result from so many applications, their representation and processing are issues of great
research interest. In this paper, we have provided a comprehensive discussion of the asynchronous processing of non–
stationary signals within a time–frequency framework. Two
decomposition procedures were considered. One is based on
the ASDM for analog non–stationary signals and it generalizes the Haar wavelet representation. The other is intended
for discrete non–stationary signals and is based on a local
time–frequency representation using chirps as intrinsic mode
functions. Simulations with actual signals illustrate the decomposition algorithms for representation and compression
applications. Further research is being conducted to study
these two decomposition methods and their use in practical
application in biomedicine and communications.
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[24] S. Şenay, L. F. Chaparro, M. Sun, and R. Sclabassi, “Adaptive level–
crossing sampling and reconstruction,” European Signal Proc. Conf., pp.
1296–1300, 2010.
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