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Reduced Interference Vertex-Frequency Distributions1
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Abstract—Vertex-frequency analysis of graph signals is a chal-3
lenging topic for research and applications. Counterparts of4
the short-time Fourier transform, the wavelet transform, and5
the Rihaczek distribution have recently been introduced to the6
graph-signal analysis. In this letter, we have extended the energy7
distributions to a general reduced interference distributions class.8
It can improve the vertex-frequency representation of a graph sig-9
nal while preserving the marginal properties. This class is related to10
the spectrogram of graph signals as well. Efficiency of the proposed11
representations is illustrated in examples.12

Index Terms—Energy distributions, graph-signal processing,13
time–frequency analysis, vertex-frequency analysis.14

I. INTRODUCTION15

GRAPH-SIGNAL processing has become an active re-16

search area in recent years, resulting in many advanced17

solutions in various applications. In many practical cases, the18

signal domain is not a set of equidistant instants in time or a19

set of points in two-dimensional (2-D) or 3-D space placed on20

a regular rectangular grid. The data-sensing domain is then re-21

lated to other parameters of the considered system/network. For22

example, in many social or web-related networks the sensing23

points and their connectivity are related to specific objects and24

their links. In some physical processes, other properties than25

the space or time coordinates define the relation between points26

where the signal is sensed. Even for the data sensed in the well-27

defined time and space domains, the introduction of relations28

between the sensing points in a form of graph may produce new29

insights and more advanced data-processing methods [1]–[5].30

Spectral characteristics of graph signals can be vertex-31

varying. This corresponds to the time-varying signals and32

time–frequency analysis in classical signal processing [6]–[10].33

Linear vertex-frequency analysis is introduced using strong34

correspondence with the short-time Fourier transform and the35

wavelet transform [11]–[15]. A different line of work has gener-36

alized the notion of time stationarity to signals defined on graphs37

[16], [17], developing windowing and energy spectral estima-38

tion schemes for graph-stationary signals [17]. In general, the39

classical time–frequency representations have many important40

properties whose extension to the graphs is not guaranteed, for41

example, the uncertainty principle.42
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E. Sejdić is with the University of Pittsburgh, Pittsburg, PA 15213 USA
Q2

(e-mail:,esejdic@pitt.edu).
Color versions of one or more of the figures in this letter are available online

at http://ieeexplore.ieee.org.
Digital Object Identifier 10.1109/LSP.2018.2860250

Recently, we have introduced a window-independent vertex- 43

frequency energy distribution [24] based on the idea of the 44

Rihaczek distribution [6], [9]. In this letter, the proposed distri- 45

bution is extended to a class of vertex-frequency energy distribu- 46

tions satisfying marginal properties that are of high importance 47

in the classical time–frequency analysis. These distributions are 48

well localized in the vertex-frequency domain. They reduce in- 49

terferences among components and provide a novel way for 50

a systematic introduction of vertex-frequency energy distribu- 51

tions. The presented class provides a new insight into nonsta- 52

tionary graph-signal analysis. It can be used in the analysis of 53

graph signals, for example, the EEG signals [5]. 54

II. VERTEX-FREQUENCY REPRESENTATIONS 55

A short review of the existing vertex-frequency representa- 56

tions will be presented here after basic definitions. 57

Consider a weighted graph with N vertices connected with 58

edges. The weight of an edge that connects a vertex n with a 59

vertex m is wnm . If the vertices n and m are not connected 60

then wnm = 0. Edge weights are represented in a matrix form 61

as a weight matrix W, whose elements are wnm . The diagonal 62

elements of matrix W are zeros. 63

Signal x(n), defined at each graph vertex n, is called graph 64

signal. Signal samples x(n) can be arranged in an N × 1 column 65

vector x = [x(1), x(2), . . . , x(N)]T . 66

For undirected graphs, the weighting matrix W is sym- 67

metric, i.e., wnm = wmn . For these graphs, the Laplacian is 68

defined as L = D − W, where D is a diagonal matrix with 69

dnn =
∑N

m=1 wnm on the main diagonal. The eigenvalue de- 70

composition of the Laplacian matrix reads as L = UΛUT , 71

where U is a matrix of eigenvectors uk , k = 1, 2, . . . , N as 72

its columns and Λ is a diagonal matrix with eigenvalues λk on 73

the main diagonal. Here, we will assume that the eigenvalues 74

are of the multiplicity one. 75

For an undirected graph, the spectrum of a graph signal 76

(the graph discrete Fourier transform GDFT) is defined as 77

X = GDFT{x} = UT x, where the vector X contains spec- 78

tral coefficients X(k) associated to the kth eigenvalue and the 79

corresponding eigenvector 80

X(k) = uT
k x =

N∑

n=1

x(n)uk (n). (1)

The inverse transformation is obtained as x = UX, with 81

x(n) =
N∑

k=1

X(k)uk (n). (2)

Approaches that extend GDFT to directed graphs and graphs 82

with repeated eigenvalues are proposed recently [18]–[20]. The 83

eigen decomposition of the adjacency matrix A is commonly 84

used for the directed graphs . Q385
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Fig. 1. Graph and a signal (top). Vertex-frequency representation using the
spectrogram of graph signal (bottom). Marginal values are presented for the
spectrogam, below and right.

A. Localized Vertex-Frequency Transforms86

The localized vertex spectrum on a graph is an extension of87

the localized time (short time) Fourier transform [11]. It can88

be calculated as the spectrum of a signal x(n) multiplied by a89

localization window function hn (m)90

S(n, k) =
N∑

m=1

x(m)hn (m) uk (m). (3)

The window function hn (m) localizes the signal x(m) around91

a vertex n. It can be defined using the vertex neighborhood92

[21] as hn (m) = g(dmn ), where g(d) corresponds to the basic93

window function in classical signal processing and dmn is equal94

to the length of the shortest walk (distance) from the vertex m95

to the vertex n. The window hn (m) can also be defined using96

its spectral domain function H(k)97

hn (m) =
N∑

p=1

H(p)up(m)up(n) (4)

where the spectral domain form is, for example, H(k) =98

C exp (−λk τ), where C is the amplitude and τ > 0 is a pa-99

rameter that determines the window width [11].100

A graph and a signal on this graph that will be used for101

illustrations are presented in Fig. 1(top). The graph signal is102

defined as a sum of: 1) constant component u0(n), 2) two103

Fig. 2. Vertex-frequency energy distribution with its marginal values equal to
|x(n)|2 and |X (k)|2 , respectively.

delta pulses at vertices n = 21 and n = 58, and 3) parts of 104

three eigenvectors u20(n), u52(n), and u36(n) over the vertex 105

ranges 1 ≤ n ≤ 13, 14 ≤ n ≤ 27, 28 ≤ n ≤ N = 64, respec- 106

tively, with different weighing factors. This signal is analyzed 107

using the vertex-frequency representation. For the parameter τ 108

optimization, we have used the norm-one concentration mea- 109

sure, as in [10]. The optimal vertex-frequency representation, 110

in a form of spectrogram |S(n, k)|2 , is presented in Fig. 1. We 111

can see spread parts of components uk (n). The pulses are lost. 112

The vertex and the spectral marginal properties are not satis- 113

fied. The values satisfying marginal properties are shown in 114

Fig. 2. 115

For the optimization process with respect to τ , the vertex 116

spectrogram should be normalized. One way to normalize the 117

spectrogram is to divide the obtained norm-one with the norm- 118

two of the spectrogram. The same result will be obtained if the 119

localization windows are defined in such a way that the vertex 120

spectrogram is energy unbiased 121

N∑

n=1

N∑

k=1

|S(n, k)|2 =
N∑

n=1

|x(n)|2 = Ex. (5)

This condition is satisfied if 122

N∑

n=1

|hn (m)|2 = 1 (6)

for all m, since 123

N∑

n=1

N∑

k=1

|S(n, k)|2 =
N∑

n=1

N∑

m=1

|x(m)|2 |hn (m)|2 . (7)

Optimization of parameter τ can be done by using more 124

advanced techniques [22], [23] based on the graph-uncertainty 125

principle. It is important to note that for any τ the vertex and 126

frequency marginals cannot be simultaneously satisfied. 127
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B. Vertex-Frequency Energy Distributions128

Graph-signal energy (5), can be written as129

Ex =
N∑

n=1

|x(n)|2 =
N∑

n=1

x(n)
N∑

k=1

X∗(k)u∗
k (n).

or130

Ex =
N∑

n=1

N∑

k=1

x(n)X∗(k)u∗
k (n) =

N∑

n=1

N∑

k=1

E(n, k)

where the energy vertex-frequency distribution is131

E(n, k) = x(n)X∗(k)u∗
k (n). (8)

This distribution corresponds to the Rihaczek distribution in132

time–frequency analysis. The vertex and frequency marginal133

properties of this distribution are134

N∑

n=1

E(n, k) = |X(k)|2 and
N∑

k=1

E(n, k) = |x(n)|2 .

This energy distribution, along with the marginal properties,135

is illustrated in Fig. 2. The marginals are equal to |x(n)|2 and136

|X(k)|2 up to computer precision. We can see that the amplitude137

of component u0(n) is not constant and the pulses are not rep-138

resented with vertical lines. This is due to strong interferences139

among components. To solve this problem in classical signal140

analysis the reduced interference distributions are introduced.141

III. REDUCED INTERFERENCE VERTEX-FREQUENCY142

ENERGY DISTRIBUTIONS143

The general class of energy time–frequency distributions is144

extended to graph signals in this section. After a review of the145

classical Cohen class of distribution, conditions for the vertex-146

frequency marginal properties are derived. Few examples of the147

vertex-frequency energy distributions are given.148

A. Review of the Classical Cohen Class of Distributions149

Although it is known that any distribution can be used as the150

basis for the Cohen class of distribution, the Wigner distribution151

is commonly used [6], [8], [9]. Having in mind that the Wigner152

distribution is not suitable153

for the graph-framework extension, here we will use the154

Rihaczek distribution as the basis. Since this kind of the Co-155

hen class of distributions is not presented in common litera-156

ture on time–frequency analysis, a short review of the Cohen157

class of distributions is presented. The Rihaczek distribution158

is R(t, ω) = x(t)X∗(ω) exp (−jωt) [6], [8], [9]. Its ambiguity159

domain form (a 2-D Fourier transform of R(t, ω) over t and ω)160

is A(θ, τ) = 1
2π

∫
u X(u)X∗(u − θ) exp (j(u − θ)τ)du.161

The Cohen class of distributions, with the Rihaczek distri-162

bution as the basic distribution, is defined by C(t, ω) = 1
2π

∫
θ163 ∫

τ A(θ, τ)c(θ, τ) exp (−jωτ) exp (jθt)dτdθ, where c(θ, τ) is164

the kernel function. Using the defined ambiguity domain form165

of the Rihaczek distribution A(θ, τ) we get166

C(t, ω) =
1

4π2

∫

u

∫

v

X(u)X∗(v)ejute−jvt

×
∫

τ

c(u − v, τ)e−jτ ω ejτ udτdudv. (9)

The frequency–frequency domain form of the Cohen class of 167

distributions, with the Rihaczek distribution as the basis, is 168

C(t, ω) =
∫

u

∫

v

X(u)X∗(v)ejute−jvtφ(u − v, ω − u)
dudv

4π2

where φ(u − v, ω − u) =
∫

τ c(u − v, τ)e−jτ ω ejτ udτ . 169

The marginal properties are met if the kernel c(θ, τ) satisfies 170

the conditions c(θ, 0) = 1 and c(0, τ) = 1. 171

B. Reduced Interference Distributions on Graphs 172

We will first consider the frequency–frequency domain of 173

the general energy distributions satisfying the marginal proper- 174

ties. The frequency-domain definition of the presented energy 175

distribution (8) is 176

E(n, k) = x(n)X∗(k)u∗
k (n) =

N∑

p=1

X(p)X∗(k)up(n)u∗
k (n).

Therefore, the general graph-distribution form is 177

G(n, k) =
N∑

p=1

N∑

q=1

X(p)X∗(q)up(n)u∗
q (n)φ(p, k, q). (10)

For φ(p, k, q) = δ(q − k) the graph Rihaczek distribution (8) 178

follows. The unbiased energy condition
∑N

k=1
∑N

n=1 G(n, k)= 179

Ex is satisfied if 180

N∑

k=1

φ(p, k, p) = 1.

The distribution G(n, k) may satisfy the vertex and frequency 181

marginal properties given as next. 182

1) The vertex marginal property is satisfied if 183

N∑

k=1

φ(p, k, q) = 1

since 184

N∑

k=1

G(n, k) =
N∑

p=1

N∑

q=1

X(p)X∗(q)up(n)u∗
q (n)

= |x(n)|2 .
The same condition is required for the vertex moment 185

property
∑N

n=1
∑N

k=1 nm G(n, k) =
∑N

n=1 nm |x(n)|2 . 186

2) The frequency marginal property is satisfied if 187

φ(p, k, p) = δ(p − k).

Then, the sum over vertex index produces 188

N∑

n=1

G(n, k) =
N∑

p=1

|X(p)|2φ(p, k, p) = |X(k)|2

since
∑N

n=1 up(n)u∗
q (n) = δ(p − q), i.e., the eigenvec- 189

tors are orthonormal. If the frequency marginal property 190

holds, then the frequency moment property holds as well, 191
∑N

n=1
∑N

k=1 km G(n, k) =
∑N

k=1 km |X(k)|2 . 192
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Fig. 3. Frequency–frequency domain kernels: The exponential kernel (left)
and the Sinc kernel (right), at k = N/2 = 32.

C. Reduced Interference Distribution Kernels193

A few examples of the reduced interference kernels that sat-194

isfy marginal properties will be presented next.195

Choi–Williams kernel: The classic form of this ker-196

nel is c(θ, τ) = exp (−θ2τ 2/(2σ2)). The frequency–197

frequency form of this kernel is φ(θ, ω) = FTτ {c(θ, τ)} =198

exp (−ω2σ2/(2θ2))|σ/θ|√2π. Its shifted version would be199

φ(u − v, ω − u) =
σ
√

2π

|v − u| exp
(

−σ2 (ω − u)2

2(v − u)2

)

.

A straightforward extension to the graph-signal processing200

would be to use the relation λ ∼ ω2 , with appropriate expo-201

nential kernel normalization. We have implemented this form202

and concluded that it produces results similar to the simplified203

form that satisfies the marginal properties and decays in the204

frequency–frequency domain. The form of this kernel is205

φ(p, k, q) =
1

s(q, p)
exp

(

−α
|λp − λk |
|λp − λq |

)

where s(q, p) =
∑N

k=1 exp (−α
|λp −λk |
|λp −λq | ) for q �= p and φ(p, k,206

p) = δ(k − p). It satisfies both marginal properties.207

The vertex-frequency distribution with the exponential kernel208

[see Fig. 3(left)] is presented in Fig. 4. This kind of distribution209

presents correctly constant component u0(n), two delta pulses210

at vertices n = 21 and n = 58, and parts of other three eigen-211

vectors, preserving the marginal properties.212

Sinc kernel: The simplest reduced interference kernel in the213

frequency–frequency domain that would satisfy the marginal214

properties, is the Sinc kernel. Its form is215

φ(p, k, q) =

⎧
⎨

⎩

1
1 + 2|p − q| for |k − p| ≤ |p − q|
0 otherwise

This kernel, with appropriate normalization, is shown in216

Fig. 3(right), for k = 32. A vertex-frequency representation with217

this kernel would be similar to the one shown in Fig. 4.218

Separable kernels: If the kernel is separable, such that219

φ(p, k, q) = g(k − p)g(k − q), then we can write G(n, k) =220

|∑N
p=1 X(p)g(k − p)up(n)|2 . This is a frequency-domain def-221

inition of the graph spectrogram. Relation between the vertex-222

domain spectrogram (3) and the frequency–frequency domain223

distribution is complex.224

The separable kernels cannot satisfy the marginal properties225

since δ(k − p) = φ(p, k, p) = g2(k − p) means g(k − p) =226

Fig. 4. Vertex-frequency reduced interference distribution using the kernel
from Fig. 3(left) with its marginal values equal to |x(n)|2 and |X (k)|2 ,
respectively.

δ(k − p). These kernels do not satisfy
∑N

k=1 φ(p, k, q) = 1 for 227

all p and q. 228

Vertex–vertex shift domain distribution: The general vertex- 229

frequency distribution can be written for the vertex–vertex shift 230

domain as a dual form to (10) 231

G(n, k) =
N∑

m=1

N∑

l=1

x(m)x∗(l)uk (m)u∗
k (l)ϕ(m,n, l) (11)

where ϕ(m,n, l) is the kernel in this domain (the same mathe- 232

matical form as the frequency–frequency domain kernel). The 233

frequency marginal is satisfied if
∑N

n=1 ϕ(m,n, l) = 1 holds. 234

The vertex marginal is met if ϕ(m,n,m) = δ(m − n). The re- 235

lation of this distribution with the vertex domain spectrogram 236

(3) is simple using 237

ϕ(m,n, l) = hn (m)h∗
n (l)

=
N∑

p=1

N∑

q=1

H(p)H∗(q)up(m)up(n)u∗
q (l)u

∗
q (n).

This kernel is defined by the frequency-domain window form 238

H(p). It cannot satisfy both marginal properties. The unbiased 239

energy condition
∑N

n=1 ϕ(m,n,m) = 1 reduces to (6). 240

Classical time–frequency analysis: The approach presented 241

in this letter can be used for the directed graphs and adjacency 242

matrices as well. The classical Fourier and time–frequency anal- 243

ysis follow from a directed ring graph. The adjacency matrix 244

decomposition produces complex-valued eigenvectors of form 245

uk (n) = exp (j2πnk/N)/
√

N . 246

IV. CONCLUSION 247

In this letter, reduced interference vertex-frequency distribu- 248

tions were introduced. The main advantage of these distributions 249

is that they can produce a signal representation with high energy 250

concentration while reducing interferences and preserving the 251

vertex and frequency marginal property. 252
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[6] L. Stanković, M. Daković, and T. Thayaparan, Time-Frequency Sig-269
nal Analysis with Applications, Norwood, MA, USA: Artech House,270
Mar. 2013.271

[7] N. E. Huang et al., “The empirical mode decomposition and the Hilbert272
spectrum for nonlinear and non-stationary time series analysis,” Proc. Roy.273
Soc. London A, Math., Phys. Eng. Sci., vol. 454, no. 1971, 1998.274

[8] L. Cohen, Time-frequency Analysis. Upper Saddle River, NJ, USA:275
Prentice-Hall, 1995.276

[9] B. Boashash, ed, Time-Frequency Signal Analysis and Processing, A Com-277
prehensive Reference, New York, NY, USA: Academic, 2015.

Q4
278
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frequency representations of signals on graphs,” Signal Process., vol. 131, 294
pp. 483–491, Feb. 2017. 295

[16] B. Girault, “Stationary graph signals using an isometric graph translation,” 296
in Proc. Eur. Signal Process. Conf., 2015, pp. 1516–1520. 297

[17] A. G. Marques, S. Segarra, G. Leus, and A. Ribeiro, “Stationary graph 298
processes and spectral estimation,” IEEE Trans. Signal Process., vol. 65, 299
no. 22, pp. 5911–5926, Nov. 2017, doi: 10.1109/TSP.2017.2739099. 300

[18] S. Sardellitti, S. Barbarossa, and P. Di Lorenzo, “On the graph Fourier 301
transform for directed graphs,” IEEE J. Sel. Topics Signal Process., vol. 11, 302
no. 6, pp. 796–811, Sep. 2017. 303

[19] J. A. Deri and J. M. Moura, “Spectral projector-based graph Fourier trans- 304
forms,” IEEE J. Sel. Topics Signal Process., vol. 11, no. 6, pp. 785–795, 305
Sep. 2017. 306

[20] R. Shafipour, A. Khodabakhsh, G. Mateos, and E. Nikolova, “A digraph 307
Fourier transform with spread frequency components,” arXiv:1705.10821 Q5308
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the Rihaczek distribution have recently been introduced to the6
graph-signal analysis. In this letter, we have extended the energy7
distributions to a general reduced interference distributions class.8
It can improve the vertex-frequency representation of a graph sig-9
nal while preserving the marginal properties. This class is related to10
the spectrogram of graph signals as well. Efficiency of the proposed11
representations is illustrated in examples.12

Index Terms—Energy distributions, graph-signal processing,13
time–frequency analysis, vertex-frequency analysis.14

I. INTRODUCTION15

GRAPH-SIGNAL processing has become an active re-16

search area in recent years, resulting in many advanced17

solutions in various applications. In many practical cases, the18

signal domain is not a set of equidistant instants in time or a19

set of points in two-dimensional (2-D) or 3-D space placed on20

a regular rectangular grid. The data-sensing domain is then re-21

lated to other parameters of the considered system/network. For22

example, in many social or web-related networks the sensing23

points and their connectivity are related to specific objects and24

their links. In some physical processes, other properties than25

the space or time coordinates define the relation between points26

where the signal is sensed. Even for the data sensed in the well-27

defined time and space domains, the introduction of relations28

between the sensing points in a form of graph may produce new29

insights and more advanced data-processing methods [1]–[5].30

Spectral characteristics of graph signals can be vertex-31

varying. This corresponds to the time-varying signals and32

time–frequency analysis in classical signal processing [6]–[10].33

Linear vertex-frequency analysis is introduced using strong34

correspondence with the short-time Fourier transform and the35

wavelet transform [11]–[15]. A different line of work has gener-36

alized the notion of time stationarity to signals defined on graphs37

[16], [17], developing windowing and energy spectral estima-38

tion schemes for graph-stationary signals [17]. In general, the39

classical time–frequency representations have many important40

properties whose extension to the graphs is not guaranteed, for41

example, the uncertainty principle.42
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Recently, we have introduced a window-independent vertex- 43

frequency energy distribution [24] based on the idea of the 44

Rihaczek distribution [6], [9]. In this letter, the proposed distri- 45

bution is extended to a class of vertex-frequency energy distribu- 46

tions satisfying marginal properties that are of high importance 47

in the classical time–frequency analysis. These distributions are 48

well localized in the vertex-frequency domain. They reduce in- 49

terferences among components and provide a novel way for 50

a systematic introduction of vertex-frequency energy distribu- 51

tions. The presented class provides a new insight into nonsta- 52

tionary graph-signal analysis. It can be used in the analysis of 53

graph signals, for example, the EEG signals [5]. 54

II. VERTEX-FREQUENCY REPRESENTATIONS 55

A short review of the existing vertex-frequency representa- 56

tions will be presented here after basic definitions. 57

Consider a weighted graph with N vertices connected with 58

edges. The weight of an edge that connects a vertex n with a 59

vertex m is wnm . If the vertices n and m are not connected 60

then wnm = 0. Edge weights are represented in a matrix form 61

as a weight matrix W, whose elements are wnm . The diagonal 62

elements of matrix W are zeros. 63

Signal x(n), defined at each graph vertex n, is called graph 64

signal. Signal samples x(n) can be arranged in an N × 1 column 65

vector x = [x(1), x(2), . . . , x(N)]T . 66

For undirected graphs, the weighting matrix W is sym- 67

metric, i.e., wnm = wmn . For these graphs, the Laplacian is 68

defined as L = D − W, where D is a diagonal matrix with 69

dnn =
∑N

m=1 wnm on the main diagonal. The eigenvalue de- 70

composition of the Laplacian matrix reads as L = UΛUT , 71

where U is a matrix of eigenvectors uk , k = 1, 2, . . . , N as 72

its columns and Λ is a diagonal matrix with eigenvalues λk on 73

the main diagonal. Here, we will assume that the eigenvalues 74

are of the multiplicity one. 75

For an undirected graph, the spectrum of a graph signal 76

(the graph discrete Fourier transform GDFT) is defined as 77

X = GDFT{x} = UT x, where the vector X contains spec- 78

tral coefficients X(k) associated to the kth eigenvalue and the 79

corresponding eigenvector 80

X(k) = uT
k x =

N∑

n=1

x(n)uk (n). (1)

The inverse transformation is obtained as x = UX, with 81

x(n) =
N∑

k=1

X(k)uk (n). (2)

Approaches that extend GDFT to directed graphs and graphs 82

with repeated eigenvalues are proposed recently [18]–[20]. The 83

eigen decomposition of the adjacency matrix A is commonly 84

used for the directed graphs . Q385
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Fig. 1. Graph and a signal (top). Vertex-frequency representation using the
spectrogram of graph signal (bottom). Marginal values are presented for the
spectrogam, below and right.

A. Localized Vertex-Frequency Transforms86

The localized vertex spectrum on a graph is an extension of87

the localized time (short time) Fourier transform [11]. It can88

be calculated as the spectrum of a signal x(n) multiplied by a89

localization window function hn (m)90

S(n, k) =
N∑

m=1

x(m)hn (m) uk (m). (3)

The window function hn (m) localizes the signal x(m) around91

a vertex n. It can be defined using the vertex neighborhood92

[21] as hn (m) = g(dmn ), where g(d) corresponds to the basic93

window function in classical signal processing and dmn is equal94

to the length of the shortest walk (distance) from the vertex m95

to the vertex n. The window hn (m) can also be defined using96

its spectral domain function H(k)97

hn (m) =
N∑

p=1

H(p)up(m)up(n) (4)

where the spectral domain form is, for example, H(k) =98

C exp (−λk τ), where C is the amplitude and τ > 0 is a pa-99

rameter that determines the window width [11].100

A graph and a signal on this graph that will be used for101

illustrations are presented in Fig. 1(top). The graph signal is102

defined as a sum of: 1) constant component u0(n), 2) two103

Fig. 2. Vertex-frequency energy distribution with its marginal values equal to
|x(n)|2 and |X (k)|2 , respectively.

delta pulses at vertices n = 21 and n = 58, and 3) parts of 104

three eigenvectors u20(n), u52(n), and u36(n) over the vertex 105

ranges 1 ≤ n ≤ 13, 14 ≤ n ≤ 27, 28 ≤ n ≤ N = 64, respec- 106

tively, with different weighing factors. This signal is analyzed 107

using the vertex-frequency representation. For the parameter τ 108

optimization, we have used the norm-one concentration mea- 109

sure, as in [10]. The optimal vertex-frequency representation, 110

in a form of spectrogram |S(n, k)|2 , is presented in Fig. 1. We 111

can see spread parts of components uk (n). The pulses are lost. 112

The vertex and the spectral marginal properties are not satis- 113

fied. The values satisfying marginal properties are shown in 114

Fig. 2. 115

For the optimization process with respect to τ , the vertex 116

spectrogram should be normalized. One way to normalize the 117

spectrogram is to divide the obtained norm-one with the norm- 118

two of the spectrogram. The same result will be obtained if the 119

localization windows are defined in such a way that the vertex 120

spectrogram is energy unbiased 121

N∑

n=1

N∑

k=1

|S(n, k)|2 =
N∑

n=1

|x(n)|2 = Ex. (5)

This condition is satisfied if 122

N∑

n=1

|hn (m)|2 = 1 (6)

for all m, since 123

N∑

n=1

N∑

k=1

|S(n, k)|2 =
N∑

n=1

N∑

m=1

|x(m)|2 |hn (m)|2 . (7)

Optimization of parameter τ can be done by using more 124

advanced techniques [22], [23] based on the graph-uncertainty 125

principle. It is important to note that for any τ the vertex and 126

frequency marginals cannot be simultaneously satisfied. 127
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B. Vertex-Frequency Energy Distributions128

Graph-signal energy (5), can be written as129

Ex =
N∑

n=1

|x(n)|2 =
N∑

n=1

x(n)
N∑

k=1

X∗(k)u∗
k (n).

or130

Ex =
N∑

n=1

N∑

k=1

x(n)X∗(k)u∗
k (n) =

N∑

n=1

N∑

k=1

E(n, k)

where the energy vertex-frequency distribution is131

E(n, k) = x(n)X∗(k)u∗
k (n). (8)

This distribution corresponds to the Rihaczek distribution in132

time–frequency analysis. The vertex and frequency marginal133

properties of this distribution are134

N∑

n=1

E(n, k) = |X(k)|2 and
N∑

k=1

E(n, k) = |x(n)|2 .

This energy distribution, along with the marginal properties,135

is illustrated in Fig. 2. The marginals are equal to |x(n)|2 and136

|X(k)|2 up to computer precision. We can see that the amplitude137

of component u0(n) is not constant and the pulses are not rep-138

resented with vertical lines. This is due to strong interferences139

among components. To solve this problem in classical signal140

analysis the reduced interference distributions are introduced.141

III. REDUCED INTERFERENCE VERTEX-FREQUENCY142

ENERGY DISTRIBUTIONS143

The general class of energy time–frequency distributions is144

extended to graph signals in this section. After a review of the145

classical Cohen class of distribution, conditions for the vertex-146

frequency marginal properties are derived. Few examples of the147

vertex-frequency energy distributions are given.148

A. Review of the Classical Cohen Class of Distributions149

Although it is known that any distribution can be used as the150

basis for the Cohen class of distribution, the Wigner distribution151

is commonly used [6], [8], [9]. Having in mind that the Wigner152

distribution is not suitable153

for the graph-framework extension, here we will use the154

Rihaczek distribution as the basis. Since this kind of the Co-155

hen class of distributions is not presented in common litera-156

ture on time–frequency analysis, a short review of the Cohen157

class of distributions is presented. The Rihaczek distribution158

is R(t, ω) = x(t)X∗(ω) exp (−jωt) [6], [8], [9]. Its ambiguity159

domain form (a 2-D Fourier transform of R(t, ω) over t and ω)160

is A(θ, τ) = 1
2π

∫
u X(u)X∗(u − θ) exp (j(u − θ)τ)du.161

The Cohen class of distributions, with the Rihaczek distri-162

bution as the basic distribution, is defined by C(t, ω) = 1
2π

∫
θ163 ∫

τ A(θ, τ)c(θ, τ) exp (−jωτ) exp (jθt)dτdθ, where c(θ, τ) is164

the kernel function. Using the defined ambiguity domain form165

of the Rihaczek distribution A(θ, τ) we get166

C(t, ω) =
1

4π2

∫

u

∫

v

X(u)X∗(v)ejute−jvt

×
∫

τ

c(u − v, τ)e−jτ ω ejτ udτdudv. (9)

The frequency–frequency domain form of the Cohen class of 167

distributions, with the Rihaczek distribution as the basis, is 168

C(t, ω) =
∫

u

∫

v

X(u)X∗(v)ejute−jvtφ(u − v, ω − u)
dudv

4π2

where φ(u − v, ω − u) =
∫

τ c(u − v, τ)e−jτ ω ejτ udτ . 169

The marginal properties are met if the kernel c(θ, τ) satisfies 170

the conditions c(θ, 0) = 1 and c(0, τ) = 1. 171

B. Reduced Interference Distributions on Graphs 172

We will first consider the frequency–frequency domain of 173

the general energy distributions satisfying the marginal proper- 174

ties. The frequency-domain definition of the presented energy 175

distribution (8) is 176

E(n, k) = x(n)X∗(k)u∗
k (n) =

N∑

p=1

X(p)X∗(k)up(n)u∗
k (n).

Therefore, the general graph-distribution form is 177

G(n, k) =
N∑

p=1

N∑

q=1

X(p)X∗(q)up(n)u∗
q (n)φ(p, k, q). (10)

For φ(p, k, q) = δ(q − k) the graph Rihaczek distribution (8) 178

follows. The unbiased energy condition
∑N

k=1
∑N

n=1 G(n, k)= 179

Ex is satisfied if 180

N∑

k=1

φ(p, k, p) = 1.

The distribution G(n, k) may satisfy the vertex and frequency 181

marginal properties given as next. 182

1) The vertex marginal property is satisfied if 183

N∑

k=1

φ(p, k, q) = 1

since 184

N∑

k=1

G(n, k) =
N∑

p=1

N∑

q=1

X(p)X∗(q)up(n)u∗
q (n)

= |x(n)|2 .
The same condition is required for the vertex moment 185

property
∑N

n=1
∑N

k=1 nm G(n, k) =
∑N

n=1 nm |x(n)|2 . 186

2) The frequency marginal property is satisfied if 187

φ(p, k, p) = δ(p − k).

Then, the sum over vertex index produces 188

N∑

n=1

G(n, k) =
N∑

p=1

|X(p)|2φ(p, k, p) = |X(k)|2

since
∑N

n=1 up(n)u∗
q (n) = δ(p − q), i.e., the eigenvec- 189

tors are orthonormal. If the frequency marginal property 190

holds, then the frequency moment property holds as well, 191
∑N

n=1
∑N

k=1 km G(n, k) =
∑N

k=1 km |X(k)|2 . 192
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Fig. 3. Frequency–frequency domain kernels: The exponential kernel (left)
and the Sinc kernel (right), at k = N/2 = 32.

C. Reduced Interference Distribution Kernels193

A few examples of the reduced interference kernels that sat-194

isfy marginal properties will be presented next.195

Choi–Williams kernel: The classic form of this ker-196

nel is c(θ, τ) = exp (−θ2τ 2/(2σ2)). The frequency–197

frequency form of this kernel is φ(θ, ω) = FTτ {c(θ, τ)} =198

exp (−ω2σ2/(2θ2))|σ/θ|√2π. Its shifted version would be199

φ(u − v, ω − u) =
σ
√

2π

|v − u| exp
(

−σ2 (ω − u)2

2(v − u)2

)

.

A straightforward extension to the graph-signal processing200

would be to use the relation λ ∼ ω2 , with appropriate expo-201

nential kernel normalization. We have implemented this form202

and concluded that it produces results similar to the simplified203

form that satisfies the marginal properties and decays in the204

frequency–frequency domain. The form of this kernel is205

φ(p, k, q) =
1

s(q, p)
exp

(

−α
|λp − λk |
|λp − λq |

)

where s(q, p) =
∑N

k=1 exp (−α
|λp −λk |
|λp −λq | ) for q �= p and φ(p, k,206

p) = δ(k − p). It satisfies both marginal properties.207

The vertex-frequency distribution with the exponential kernel208

[see Fig. 3(left)] is presented in Fig. 4. This kind of distribution209

presents correctly constant component u0(n), two delta pulses210

at vertices n = 21 and n = 58, and parts of other three eigen-211

vectors, preserving the marginal properties.212

Sinc kernel: The simplest reduced interference kernel in the213

frequency–frequency domain that would satisfy the marginal214

properties, is the Sinc kernel. Its form is215

φ(p, k, q) =

⎧
⎨

⎩

1
1 + 2|p − q| for |k − p| ≤ |p − q|
0 otherwise

This kernel, with appropriate normalization, is shown in216

Fig. 3(right), for k = 32. A vertex-frequency representation with217

this kernel would be similar to the one shown in Fig. 4.218

Separable kernels: If the kernel is separable, such that219

φ(p, k, q) = g(k − p)g(k − q), then we can write G(n, k) =220

|∑N
p=1 X(p)g(k − p)up(n)|2 . This is a frequency-domain def-221

inition of the graph spectrogram. Relation between the vertex-222

domain spectrogram (3) and the frequency–frequency domain223

distribution is complex.224

The separable kernels cannot satisfy the marginal properties225

since δ(k − p) = φ(p, k, p) = g2(k − p) means g(k − p) =226

Fig. 4. Vertex-frequency reduced interference distribution using the kernel
from Fig. 3(left) with its marginal values equal to |x(n)|2 and |X (k)|2 ,
respectively.

δ(k − p). These kernels do not satisfy
∑N

k=1 φ(p, k, q) = 1 for 227

all p and q. 228

Vertex–vertex shift domain distribution: The general vertex- 229

frequency distribution can be written for the vertex–vertex shift 230

domain as a dual form to (10) 231

G(n, k) =
N∑

m=1

N∑

l=1

x(m)x∗(l)uk (m)u∗
k (l)ϕ(m,n, l) (11)

where ϕ(m,n, l) is the kernel in this domain (the same mathe- 232

matical form as the frequency–frequency domain kernel). The 233

frequency marginal is satisfied if
∑N

n=1 ϕ(m,n, l) = 1 holds. 234

The vertex marginal is met if ϕ(m,n,m) = δ(m − n). The re- 235

lation of this distribution with the vertex domain spectrogram 236

(3) is simple using 237

ϕ(m,n, l) = hn (m)h∗
n (l)

=
N∑

p=1

N∑

q=1

H(p)H∗(q)up(m)up(n)u∗
q (l)u

∗
q (n).

This kernel is defined by the frequency-domain window form 238

H(p). It cannot satisfy both marginal properties. The unbiased 239

energy condition
∑N

n=1 ϕ(m,n,m) = 1 reduces to (6). 240

Classical time–frequency analysis: The approach presented 241

in this letter can be used for the directed graphs and adjacency 242

matrices as well. The classical Fourier and time–frequency anal- 243

ysis follow from a directed ring graph. The adjacency matrix 244

decomposition produces complex-valued eigenvectors of form 245

uk (n) = exp (j2πnk/N)/
√

N . 246

IV. CONCLUSION 247

In this letter, reduced interference vertex-frequency distribu- 248

tions were introduced. The main advantage of these distributions 249

is that they can produce a signal representation with high energy 250

concentration while reducing interferences and preserving the 251

vertex and frequency marginal property. 252
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STANKOVIĆ et al.: REDUCED INTERFERENCE VERTEX-FREQUENCY DISTRIBUTIONS 5

REFERENCES253

[1] S. Chen, R. Varma, A. Sandryhaila, and J. Kovačević, “Discrete Signal254
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frequency representations of signals on graphs,” Signal Process., vol. 131, 294
pp. 483–491, Feb. 2017. 295

[16] B. Girault, “Stationary graph signals using an isometric graph translation,” 296
in Proc. Eur. Signal Process. Conf., 2015, pp. 1516–1520. 297

[17] A. G. Marques, S. Segarra, G. Leus, and A. Ribeiro, “Stationary graph 298
processes and spectral estimation,” IEEE Trans. Signal Process., vol. 65, 299
no. 22, pp. 5911–5926, Nov. 2017, doi: 10.1109/TSP.2017.2739099. 300

[18] S. Sardellitti, S. Barbarossa, and P. Di Lorenzo, “On the graph Fourier 301
transform for directed graphs,” IEEE J. Sel. Topics Signal Process., vol. 11, 302
no. 6, pp. 796–811, Sep. 2017. 303

[19] J. A. Deri and J. M. Moura, “Spectral projector-based graph Fourier trans- 304
forms,” IEEE J. Sel. Topics Signal Process., vol. 11, no. 6, pp. 785–795, 305
Sep. 2017. 306

[20] R. Shafipour, A. Khodabakhsh, G. Mateos, and E. Nikolova, “A digraph 307
Fourier transform with spread frequency components,” arXiv:1705.10821 Q5308
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[24] L. Stanković, M. Daković, and E. Sejdić, “Vertex-frequency energy dis- 317
tributions,” IEEE Signal Process. Lett., vol. 25, no. 3, pp. 358–362, 318
Mar. 2018. 319



IEE
E P

ro
of

GENERAL INSTRUCTION320

� Authors: We cannot accept new source files as corrections for your paper. If possible, please annotate the PDF proof321

we have sent you with your corrections and upload it via the Author Gateway. Alternatively, you may send us your322

corrections in list format. You may also upload revised graphics via the Author Gateway.323

QUERIES324

Q1. Author: Please confirm or add details for any funding or financial support for the research of this article.325

Q2. Author: Please check if the postal code in the affiliation for the author E. Sejdić is okay as set.326
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