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Abstract Vertex-varying spectral content on graphs challenge the assump-
tion of vertex invariance, and require vertex-frequency representations to ad-
equately analyze them. The localization window in graph Fourier transform
plays a crucial role in this analysis. An analysis of the window functions is
presented. The corresponding spectrograms are considered from the energy
condition point of view as well. Like in time-frequency analysis, the distri-
bution of signal energy as a function of the vertex and spectral indices is an
alternative way to approach vertex-frequency analysis. After an introduction
to the second part of this chapter, a local smoothness definition, a definition
of an ideal form of the vertex-frequency energy distributions, and two energy
forms of the vertex-frequency representations are given. A graph form of the
Rihaczek distribution is used as the basic distribution to define a class of re-
duced interference vertex-frequency energy distributions. These distributions
reduce cross-terms effects and satisfy graph signal marginal properties. The
theory is illustrated through examples.

1 Introduction

Graph signal processing is a challenging, but rapidly developing, topic. Many
real world signals can be considered as graph signals, i.e., signals defined on
a graph. Basic and advanced graph signal processing techniques are presented
n [1-6]. Some of its applications in biomedical systems [7,8] and big data
analysis [1] are the best examples of its real-world potential.
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In the case of large signals (graphs), we may not be interested in the anal-
ysis of the entire signal, but rather may be interested in its local behavior. A
localized signal behavior can be examined via window functions. An exemplary
analysis is signal averaging in a local neighborhood. This kind of processing
corresponds to low-pass filtering in the classical time-domain signal analysis.
Another example could be a classical time-frequency analysis [9-11], where
we consider a local signal spectrum. In both examples, window functions are
used in order to perform signal localization in time. Window functions are
often symmetric, with a single maximum value at a considered time instant.
Window functions can be easily shifted in time in order to analyze a signal’s
behavior at arbitrary time instants.

This concept of signal localization by using window functions can be ex-
tended to signals defined on graphs [12-16]. The extension is not straightfor-
ward since a simple operation like time shifting cannot be easily defined in a
graph signal domain. Several solution approaches for this problem are defined.

A common approach is to utilize the signal spectrum to obtain the window
functions for each graph vertex [6]. Another possibility is to define a window
support as a local neighborhood for each vertex [16]. The localization window
is defined by a set of vertices that contain the current vertex n and all vertices
that are close to the vertex m. As in the classical signal analysis, a window
should be narrow enough in order to provide good localization of the signal
properties but wide enough to produce high resolution.

In this chapter, we will focus on the localized vertex spectrum of a graph
signal. The basic concepts and localization methods are analyzed in Section 2.
Vertex-frequency energy distributions are defined in Section 3, while their ex-
tension to the reduced interference vertex-frequency distributions is presented
in Section 4.

2 Localized Graph Fourier Transform
2.1 Graph Fourier Transform

Consider a weighted undirected simple graph with IV vertices, where edge
weights are denoted by wy,,, > 0 for an edge that connects a vertex n with a
vertex m, and wy,,, = 0 if vertices n and m are not connected with an edge.
Edge weights are represented in a matrix form as a weight matrix W whose
elements are wy,,. The diagonal matrix elements of W are zeros. The weighting
matrix W is a symmetric matrix since the considered graph is undirected.

The signal z(n), defined at each graph vertex n, is called the graph signal.
Signal samples z(n) can be arranged in a N x 1 vector x = [z(1),z(2), . .., z(N)]T.

The graph Laplacian is defined as

L=D-W, (1)
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where D is a diagonal degree matrix with d,, = 22:1 Wy On the main
diagonal. The eigenvalue decomposition of the Laplacian matrix reads

L = UAUT, (2)

where U is a matrix of eigenvectors (eigenvector uy is the kth column of
the matrix U), and A is a diagonal matrix with eigenvalues \; on the main
diagonal. Only simple eigenvalues of multiplicity one are assumed.
The spectrum of a graph signal x (the graph discrete Fourier transform
GDFT) is defined as
X = GDFT{x} = U'x, (3)

where the vector X contains spectral coefficients associated to the kth eigen-
value and the corresponding eigenvector

N
X(k) =ufx =Y a(n)up(n). (4)

The inverse transformation is obtained as x = UX, with

(n) =Y X (k)ur(n). (5)
k=1

Here we will assume that the eigenvalues are of the multiplicity one. Ap-
proaches that extend GDFT to directed graphs and graphs with repeated
eigenvalues may be found in [17-19].

2.2 Definition of the Localized Vertex Spectrum

The localized vertex spectrum (LVS) on a graph is an extension of the local-
ized time (short time) Fourier transform (STFT). It can be calculated as the
spectrum of a signal x(n) multiplied by an appropriate localization window
function h,,(n)

N
S(m,k) =Y @(n)hm(n) uy(n). (6)

It is assumed that the window function h,,(n) should be such that it localizes
the signal content around the vertex m. The local vertex spectrum in a matrix
notation will be denoted as S. Its elements are S(m, k). The columns of S are

Sm = GDFT{z(n)h,,(n)} = UTth,

where x5, is the vector whose elements z(n)h,,(n) are equal to the signal
samples multiplied by the window function centered at the vertex m.

For h,,(n) = 1, the localized vertex spectrum is equal to the standard
spectrum S(m, k) = X (k) for each m, i.e., no vertex localization is performed.
If hyp(m) = 1 and hy,(n) = 0 for n # m, the localized vertex spectrum is
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Fig. 1 Graph and signal on the graph. The signal is composed of three components. Com-
ponent supports are presented with different vertex colors.

equal to the signal S(m, k) = x(m) for each k and we do not have any spectral
resolution.

Two methods for defining graph localization window functions h,,(n) will
be given. First we will present an analysis using the windows h,,(n) defined in
the vertex domain. In the next subsection, we will show how to create window
functions h,,(n) in the spectral domain.
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2.3 Windows Defined Using the Vertex Neighborhood

The window h,,(n) localized at vertex m can be defined using vertex neigh-
borhood. The distance d,,, is equal to the length of the shortest walk from
vertex m to vertex n. Note that d,,, are integers. Then the window function
can be defined as

where g(d) corresponds to the basic window function in classical signal pro-
cessing. For example, the Hann window can be used as

hm(n) = %(1 + cos(mdpn /D)), for 0 < dp, < D,

where D is the assumed window width.

Window functions located at each vertex can be calculated in a matrix
form. Vertices whose distance is d,,, = 1 are defined with an adjacency matrix
A, = A. The adjacency matrix A is obtained from the weighting matrix W,
using the elements 1 if the vertices are connected and 0 if there is not an
edge between the considered vertices. Vertices whose distance is d,,, = 2 are
defined by the following matrix

A2:(A®A1)O(I_A1)O(1_I)

where © is the logical (Boolean) matrix product, o is the Hadamard (element-
by-element) product, and 1 is a matrix with all ones. Matrix A ® A; gives
the information about all vertices that are connected with walks of length 2
and lower. Element-by-element multiplication by matrix 1 — A; removes the
vertices connected with walks of length 1, while the multiplication by 1 — I
removes the diagonal elements.

For d,,,, = d > 2 we have a recursive relation for the matrix that will give
the information about the vertices at distance d

Aj=(AOA;1)o(1-Ay4q)o(1-1).
The window matrix is then formed as
Pp=g(0)I+g(1)A1+---+g(D—-1)Ap_..
The window weighted signal is formed using this matrix as
Z(n) = b (m)(n) = Pp (n,m)(n).
The localized vertex-frequency representation is

N

N
S(m,k) = 3 @(n)hy(n) we(n) = 3 a(n)Pp(n,m) upn).  (7)

n=1

In matrix form, the above relation reads

S=UTPpolxx ... x]), (8)
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where [x x ... x] is a N x N matrix whose columns are signal vectors x.
For a rectangular window ¢(d) = 1 the LVS can be calculated recursively
with respect to the window width D as

SDZSD_1+UT(AD_1O[XX .o x)). (9)

Example: The local vertex frequency representation of the signal from Fig.
1 is shown in Fig. 3. The signal consists of parts of three eigenvectors. For the
subset V; which includes vertices from 1 to 13, eigenvector k = 20 is used.
For the subset Vs, with vertices 14 to 26, the signal is equal to eigenvector
k = 52. Remaining vertices form Vs, and the signal on this subset is equal to
eigenvector k = 36. Amplitudes of the eigenvectors are scaled as well.

The window and modulated window (kernel) used for local vertex-frequency
analysis for the vertices m = 8 (top) and m = 31 (bottom) and spectral indices
k=1 (left) and k = 6 (right) are shown in Fig. 2.

Comments

1) Weighted distance: For a weighted graph, the distance from a vertex
n to a vertex m could be defined by using the edge weights instead of the
number of edges. For example we can define distance as a sum, or product of
the associated edge weights. Then d,,,, may assume non-integer values.

2) Interpolation: Note that for the windowed signal z(n)h,,(n), only M <
N samples are nonzero. It may be considered a classical zero padded signal.
This means that for the reconstruction of this signal, we only need M spectral
coefficients S(n, k). The remaining coefficients can be calculated from the sys-
tem of equations obtained by using the fact that z(n)h,,(n) = 0 outside the
window support. In the classical signal analysis, it is common to calculate the
STFT with M frequency indices for a window whose width is M. The same
can be done in graph signal processing. The local vertex spectrum, at vertex
m, can be written in a matrix form as

s.2) _ BB (nz)
i
(NZ)

B | X*hm
where x;, " is vector with M nonzero elements of windowed signal x,,, B(

m

B)

is square (M x M) submatrix of the transformation matrix U7 with omitted
columns that correspond to zero elements in xy,,, while the remaining N — M
rows are arranged into matrix B(Y). We have assumed that the local spectrum
vector s,, is composed of two parts sg,? ) and s%) in a such way that the matrix

B®) is invertible. Then
ng) — B(B)XELITVHZ)

and

SngL) - B(I)Xg:’nz) - B(I)(B(B))*lsgf)
is the interpolation formula that enables calculation of sg,{) from ssf ) Note that
if the condition number of matrix B(P) is large, we can rearrange the spectral
domain coefficients ordering until we get a satisfactory invertible matrix.



Vertex-Frequency Energy Distributions 7

d
o) o)
00 d 00 (ﬁ
o) o)
A & o 't T ¢
o% @)
o e o) O o0 ? o)
00 5 o0 i 5
g 002 o o 002 B0
o) o)
o éﬁb o) 2@ o &#b o 0 %D
0 o
Cboo o Og Cboo @) OCC))
o~ 0 -g o= 0-g
O Co
OOO © D
o QO 0)
o) Qo Q o)
oOO o X
o QO o % O
O o) OO O
o) 00
e © li 0 50°
O (@] O OQCD o
a Oo O ® i o) o P
& d OO COOO o f? / OOOO
él el o 7 o® 0 g©°
Oéd) o OOOO
o® 0 g

Fig. 2 Kernels with the vertex domain localized windows centered at vertices 8 (top) and
31 (bottom) and spectral indices 1 (left) and 6 (right) (LVS)

3) Directed graphs: The vertex neighborhood may be defined as set of
vetices that can be reached from the considered vertex by a walk whose length
is at most D. Then we may use previous relations for the window calculation.
This approach corresponds to one-sided windows in classical signal analysis.

If we want to define two-sided window, then we should also include all
vertices from which we can reach the considered vertex by walk whose length
is at most D. This means that for a directed graph we should assume that
vertices with distance one form the considered vertex m are the vertices from
which we can reach vertex m with walk of length 1. In this case A; = A + AT
where addition is logical operation (Boolean OR). The matrix Ag is

Ay=(AOA+ATOAT) o (1-T)o(1-Ay).
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Fig. 3 Local vertex-frequency spectrum calculated using vertex neighborhood windows

This procedure could be continued for walks up to the desired maximal
length D.

For a circular directed graph in this way, we will get the classical STFT
with symmetric window.

4) Ordering: In order to visualize local spectral content, we should order
vertices in the corresponding graph. This ordering is not unique, and one possi-
ble way is to define the order according to the values of low order eigenvectors
of the Laplacian. We can, for example, try to minimize the number of zero
crossing in the low order eigenvectors by an appropriate vertex reordering.
This can be achieved by reordering vertices such that the elements of b(n) are
nondecreasing, where b(n) is defined as

K
b(n) = > (1 + sign(ux(n)))2~* (10)

k=2

where K is the number of considered eigenvectors. Here we consider the sign
of the eigenvector coefficients and group coefficients with the same sign. Then
the sign of the next eigenvector is used to order coefficients in each group.
This ordering is based on the vertex spectral similarity. Note that for £ = 1
we have A\; = 0 and the corresponding eigenvector is constant.
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Fig. 4 Kernels with the spectral domain defined windows centered at vertices 8 (top) and
31 (bottom) and spectral indices 1 (left) and 6 (right) (LVS)

2.4 Vertex Localization Windows Defined in the Spectral Domain

Consider two signals z(n) and y(n) on a graph. The GDFT of these signals
are given by X (k) and Y (k). The generalized convolution z(n) of signals z(n)
and y(n) can be defined in the GDFT domain as

Z(k) = X (k)Y (k)

A “shift” on a graph cannot be extended in a direct way from the classical
signal processing theory. The generalized convolution is used to define a “shift”
of a window on a graph [13]. A “shift” on a graph from vertex m to vertex n
would be achieved by using the delta function located at the vertex m, defined
as

Om(n) =d(n—m). (11)
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The GDFT of this function is given by

N
A(k) =Y 6m(n)ug(n) = ug(m). (12)

The window localized at the vertex m is equal to [13]

N
him(n) = h(n) x 0, (n) = Z H(k)ug(m)ug(n), (13)
k=1

where the window basic function h(n) is defined in the spectral domain, for
example, as
H(k) = Cexp(—Xg7), (14)
where C' is the window amplitude and 7 > 0 is a constant that determines the
window width. Two windows obtained using this method are presented in Fig.
4 (left).
The window localized at the vertex m satisfies the following properties:

— Symmetry A, (n) = hy,(m) follows from definition (13).
— Sum of h,,(n) is equal to H(1),
N N

N N
> hm(n) =Y H(k)ur(m) Y ur(n) = > H(k)ur(m)d(k — 1)VN = H(1).
n=1 k=1 1

n=
— Parseval’s theorem for h,,(n) is

N N
D ()P =D 1 H (k)ux (m) . (15)
n=1 k=1

The local vertex spectrum can be written as

N N N
S(m, k) = w(m)hm(n) up(n) = > w(n)H(p)uy(m)uy(n) ux(n). (16)
n=1 n=1p=1
The modulated version of the window (kernel) centered at vertex m and spec-
tral index k is

N
Hono(1) = i (m)ui(n) = (2 H @)y (m)uy (n) ) ur ().
p=1

It is shown in Fig. 4 for k = 1 (left) and k = 6 (right) for two vertex locations
m = 8 (top) and m = 31 (bottom). The kernels with the vertex-domain
localized windows, at the same vertex index and spectral index locations, are
shown in Fig. 2.

Using the kernel notation, the local vertex spectrum, for a given vertex m,
is equal to the projection of a signal xz(n) onto the kernel H,, x(n),

N
S(mk) = Humr(n)a(n).



Vertex-Frequency Energy Distributions 11

Local vertex-frequency spectrum 0.02 0

60

. ]

50

()

40

s

?

ofend

30

?
spectral index

porwEl

20

;

10

4t 1 Marginals

i it

0 10 20 30 40 50 60
vertex index

NS}

Fig. 5 Local vertex-frequency spectrum calculated using vertex-frequency localized ker-
nels/windows defined in the spectral domain

2.5 Inversion

The inversion relation for both previous window forms can be considered in
a unified way. The reconstruction of a signal z(n) from its local spectrum
S(m, k) is performed by an inverse GDFT

N

ZS(m, k) ug(n) (17)

k=1

]
z

>
3
=

I

followed by a summation over all vertices m

Zm:l hm(n) m=1k=1

If the windows h,,(n) satisfy the condition

N
Z hm(n) =1,

m=1
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the reconstruction is vertex independent. In that case

N N N
:ZZSmkuk ZX (19)
k=1

m=1 k=1

where
N

X(k)=">_ S(m,k)

m=1

is the spectral marginal of the local vertex spectrum.

The condition 22:1 hm(n) =1 can be achieved if the elements of matrix
Ay, d=1,2,...,D—1 are normalized, prior to Pp matrix calculation in such
a way that the sum over all columns is equal to 1. Then

D-1

N N
Z hm(n) = Z Pp(n,m) = g(d) = const.

m=1 d=1

For the windows obtained using generalized graph shift, this conditions is
always satisfied since H(1) = const.

In general, the local vertex spectrum S(m,k) can be calculated over a
reduced set of vertices m € Ml C V. In this case, summation over m in the
reconstruction formula should be performed over vertices m € M only, and
vertex independent reconstruction is achieved if ) i hm(n) = 1.

Inversion of the local vertex spectrum, within the Gabor expansion frame-
work, is obtained from

33 st ks = 3 (3 SOty -

MziMz

=1 N m=1
(ZIGDFT{S m, k) HGDFT { Ay, (n)u (n)}) =
N N m=1 =1 N N
Z Zx(z)hm(z)h d(n—1) Z T =z(n) Z hfn(n)

where IGDFT denotes the inverse GDFT transform.
The inversion formula is then

This kind of inversion is vertex invariant if

N
> hl(n)=1. (21)
m=1
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If the local vertex spectrum S(m,k) is calculated over a reduced set of
vertices m € M C V, then vertex independent reconstruction condition is

Ymen hin(n) = 1.

Filtering in the vertex-frequency domain can be implemented by using the
vertex-frequency support function B(m, k). The filtered local vertex spectrum
is

S¢(m, k) = S(m, k)B(m, k)

and the filtered signal x¢(n) is obtained by inversion of S¢(m,k) using the
presented inversion methods.

The support function B(m, k) can be obtained, for example, by threshold-
ing noisy values of the local vertex spectrum S(m, k).

2.6 Uncertainty Principle

In classical signal analysis, the window is used to improve the signal localiza-
tion in the joint time-frequency domain. However, the uncertainty principle
prevents an ideal localization in both time and frequency. The DFT the un-
certainty principle states that

[Ix[lof|X[[o > .

It means that the product of the number of signal nonzero values ||x||o and
the number of its DFT nonzero values ||X||o is greater or equal than the total
number of signal samples V.

If the signal is windowed with a function h,, whose width is N _ then
Ixh;,|lo0 < Np,,. The uncertainty principle for the classical STFT, defined as
STFT,, = DFT{xh,,}, is

N
ISTFT, o > 5—

m

This means that the window whose width is, for example, Nj,, = N/4 can not
produce the STFT with less than 4 nonzero samples for considered instant m.

For graph signals, the general form of the uncertainty principle should
be used. Consider a graph signal x and its transform X in the domain of
orthonormal basis functions ux(n). The uncertainty principle states that [20—
23]

1

max i { [ug (m)[}

For the orthonormal DFT, when ux(n) = Tlﬁexp(j%mk/N), the classical

Ix[lofXljo >

DFT uncertainty principle form follows.

In graph signal processing, the basis functions can assume quite differ-
ent forms than in the DFT case. In a cases, when, for example, there is a
vertex loosely connected with other vertices max{|uy(m)[?} — 1 and even
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[Ix|lo]|X]lo > 1 is possible. This means that the graph signal can be well local-
ized in both the vertex and the frequency domain.

For the graph presented in Fig. 1, max{|uy(m)|?} = 0.7513 meaning that
Ix|lo]|X]]o > 1.331 is possible.

2.7 Local Vertex Spectrogram and Energy Condition

The local vertex spectrogram is defined as
S(m B = | D a(m)hun(n) w(n)

The vertex marginal property is (according to Parseval’s theorem)

N
S [S(m, k)2 =
k=1

N

N N
S(m,k) Y @(n)hin(n) uk(n) =Y z(n)hn(n). (23)
1 n=1 n=1

This is a vertex smoothed signal power.
For the energy, we get

N N
1S, k)2 =3 (lemE > hn(n)2)) (24)
m=1

m=1 k=1 n=1

N N

It Zan:l |hm(n)|? = 1 for all n then the spectrogram on the graph is energy

unbiased NN N
SN ISmR)P =D [a(n)] = B (25)

m=1 k=1
From the previous relations we can easily prove that the local vertex spec-
trum is a frame [24-27] since

N N
> () =Y 1H (K |uk(n) . (26)
m=1 k=1
We can write
1 N N
NHZ(l) <Y () < rgrllag{luk(n)IQ} S IH (k)] =y En, (27)
m=1 ’ k=1

where p = max,, {|ug(n)|}. This means that
1 N N
NHQ(l)Em < |S(m, k)|> < E i Ey,. (28)
m=1 k=1

The shift H,, ,(n) is an equiangular tight frame (ETF) if y = |ug(n)| = ﬁ

Then Zzﬂ |hm(n)|? = Zszl |H (k)|?|uk(n)|? = E /N, and equality holds.
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2.8 Optimization

The concentration of the local vertex spectrum representation can be measured
using the normalized norm-one [28]

M=L 55 50m, = LSl (20)
! ,

- b
2 HE

N N
where F = ||S||p = Z Z |S(m, k)|* is the Frobenius norm of matrix S.
m=1k=1
Any other norm ||S||) with 0 < p <1 can be used instead of |[S||;. Norms with
p close to 0 are noise sensitive. The norm with p = 1 is the only convex norm,
allowing the gradient based normalization [28].

The concentration measure M(7) = ||S||1/||S||F for the signal from Fig. 1
and the window given by (14), is shown in Fig. 6, for various 7. The optimal
vertex frequency representation is also given in Fig. 6. The optimal 7 can be
obtained in a few steps in an iterative way 1 = T—1 —a(M(Tp—1) — M (Tk—2)).

The optimization of parameter 7 can be done by using more advanced
techniques [21,22] based on the graph uncertainty principle.

2.9 Spectral Domain Localization

In the classical STFT, it is possible to perform localization using a window in
the spectral domain. The dual form of STFT is obtained using inverse DFT.
Similarly, for graph signals we can perform localization in the spectral domain
and obtain a local-vertex spectrum as an inverse GDFT

S(m,k) =" X () H(p — k) up(m), (30)

where H(p — k) is the frequency domain window and X (p) is the GDFT of
the considered signal.

3 Vertex-Frequency Energy Distributions

Vertex-frequency representations based on the distribution of energy over the
vertex and spectral index space is presented in this section. It follows the con-
cept of time-frequency energy distributions in time-frequency signal analysis.
An ideal vertex-frequency energy distribution will be discussed first. Special
attention will be paid to local smoothness and marginal properties. Two forms
of a distribution corresponding to the Rihaczek distribution will be introduced.
Finally, a class of reduced interference vertex-frequency distributions, satisfy-
ing the marginal properties, will be presented.
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and the corresponding optimal vertex-frequency representation with marginals (bottom).

3.1 Global Graph Signal Smoothness

The smoothness of a graph signal x is defined by using its quadratic form
E, =xTLx.

The smoothness A, is equal to the quadratic form normalized by the signal
energy
xTLx
xT'x "~
In the case of classical time domain signals, the Laplacian on a circle graph
represents the second order finite difference y(n) = —z(n—1)+2z(n)—x(n+1).

Ap =
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This difference can be written in a matrix form as y = Lx. It is obvious that
the signal z(n) with small changes should have small quadratic form E, =
>, ((z(n) —z(n—1))? + (z(n) — x(n+1))?)/2. This reasoning can be used for
the graph signals as well. For these signals E, = qu\izl anzl Wi ((x(N) —
x(m))?/2 (see Chapter I).

The eigenvector and eigenvalue relation is Lug = Auy or

ui Lu, = Apufugp = Ay = By, (31)

since u}u; = 1. The quadratic form of an eigenvector is equal to the corre-
sponding eigenvalue. It can be used as a measure of the signal smoothness. The
eigenvectors corresponding to small A\ belong to the low-pass (slow-varying)
part of a graph signal.

Examples of signals with a small, a moderate and a large smoothness A,
are presented in Fig. 7. In order to make an analogy with the classical time-
domain signal processing we presented the time-domain signals in Fig. 7 (left).
They can be considered as the signals on a circular graph. The smooth signals,
with small smoothness factors, have similar signal values on the neighboring
vertices (time instants), while the similarity of neighboring signal values does
not hold for fast-varying signals with high smoothness indices.

For a signal of the form

M

M
w(n) = mi(n) =Y asup,(n)
=1

i=1

the global smoothness is
Zé\il a A,
Zi\il aj .
It is obvious that Amin < Az < Amax, Where Apin = min{ g, Ak,, ... Ak,  and
Amax = Max{ g, , Moy« - - Ay }-
The graph signal smoothness plays an important role in the graph topology

learning. The smoothness is also used in the vertex ordering and the graph
clustering.

A =

3.2 Local Graph Signal Smoothness
Consider a single component graph signal
z(n) = aug(n),

where ug(n) is the kth Laplacian eigenvector. The smoothness of this signal
is equal to the corresponding eigenvalue
xTLx oz2u§§Lu;c

- =\
T T :
X a’uy uy

X
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Fig. 7 An example of a constant, a slow-varying, and a fast-varying signal in the time
domain (left) and in the graph domain (right). The global signal smoothness ), is given for
each case.

The smoothness can be related to the frequency in classical signal analysis.
For a circular undirected graph the eigenvectors are periodic functions ug(n) =
cos(2mnk/N + ¢), with frequency w = 2wk/N, and the smoothness follows as
the eigenvalue from the equation Luy = Apuy as

\p = 4sin?(w/2) = uj Luy,.

This means that the eigenvalue corresponds to the squared frequency. The
relation is via 2sin?(w/2) function due to the discretization (discrete-time to
continuous-time frequency mapping using the first-order finite difference). In
the continuous-time case (for a small w in the discrete-time domain) we would
have A\, ~ w?.

In classical signal analysis, for signals whose frequency changes, the in-
stantaneous frequency is defined and used instead of the frequency. Various
definitions of the instantaneous frequency are introduced [9-11]. The most
straightforward one would be to define the instantaneous frequency as the
frequency of a sinusoidal signal which best fits the signal behavior at and in
the very close vicinity of the considered instant ¢. In that case, the method
for frequency estimation of the signal in three close points could be used, as
described in [29]. The signal (¢t + 7) is approximated with a second order
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polynomial around x(t),
z(t+71) = a(t) + 2 ()7 + 2" (t)7r2)2.

By comparing this signal with a general sinusoidal signal at an instant ¢ and
small 7

Acos(wi(t +7) + ¢) = Acos(wit + ¢) — Aw sin(wit + ¢)7
— Aw? cos(wit + ¢)72/2

we can conclude that for z(t) # 0 the sinusoidal signal with frequency

2" (t)
2(t)

fits the signal around this instant. In this way we can define the instantaneous
frequency w?(t) of a signal at an instant ¢, assuming that the conditions for
the second order polynomial approximation holds. For z(t) = 0, the instan-
taneous frequency can be calculated using the higher-order derivatives ratio
(2 () /(M) (t) assuming that (™) (t) # 0.

The discrete-time form of the instantaneous frequency relation is

wi=wi(t)=\t) = —

A(n) = w?(n) = Cax(n—1) - 2;((:)) +z(n+1) _ Exgg((nr;)7 (32)

where £, (n) are the elements of vector Lx (for a circular graph). An example of
a time-domain signal that contains a slow-varying component at the beginning,
a fast-varying in the middle, and a moderate-varying component at the end is
presented in Fig. 8.

The last relation will be used to introduce the local smoothness for a general
graph as

(33)

with the assumption z(n) # 0.
Some of the local smoothness properties are listed next [30].

1. For a monocomponent signal
z(n) = aug(n)

the local smoothness is constant and it is equal to its global smoothness

aly, (n)
Aln) = —>2—= =2
(n) aug(n) m
since Ly, (n) = Apug(n) holds for each element of the matrix equation

Lui = A\pug. In classical signal analysis this means that the instantaneous
frequency of a sinusoidal signal (as a basis function) is equal to the com-
ponent frequency.
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Fig. 8 An example of the signal local smoothness in the time domain (vertex domain on a
circular graph).

2. A piecewise monocomponent signal could be defined as
z(n) = ayug,(n) forn e Vy, i=1,2,...,M

where V; are disjunct subsets of vertices and ug,(n) are eigenvectors.
The local smoothness for this signal should be

aiLy, (n) .
An)=————= =X, forneV;, i=12....M (34)

a;ug, (n)
This is true for all interior vertices, where the vertex n and its neighborhood
(used for the Laplacian calculation) belong to the considered subset V;.
An example of a piecewise monocomponent signal is presented in Fig. 1.
Three subsets of vertices Vi, Vo, and V3 are marked with colors. The com-
ponent spectral indices are k1 = 20, ko = 52, and k3 = 36.
For subset V;, which includes vertices from 1 to 13, the boundary vertices
are 1, 2, and 13. The remaining vertices are the interior vertices, where
relation (34) holds. For subset Vs (vertices from 14 to 26), the boundary
vertices are 15, 16, 25, and 26. For subset V5 (vertices from 27 to 64), the
boundary vertices are 27, 28, 29, 63 and 64.
The localsmoothness of the considered signal is calculated and presented
in Fig. 9. Results obtained for the interior vertices are exact. They are
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Fig. 9 Local smoothness for the signal given in Fig. 1. The results for the interior vertices
are presented with points and the results for the boundary vertices are presented by crosses.

presented with dots. The local smoothness at the boundary vertices is not
exact, as expected, since it includes vertices with different signal compo-
nents. They are presented with the cross marks.

3. An ideal vertex-frequency distribution I(n, k) should behave as

I(n, k) ~ |z (n) *6(Ax = A(n)),

assuming that the local smoothness is equal to an eigenvalue, or that it is
rounded to the nearest eigenvalue.

The ideal vertex frequency distribution for the graph and the signal pre-
sented in Fig. 1 is shown in Fig. 10.

We can conclude, that a distribution, behaving as an ideal vertex-frequency
distribution, can be used as an estimator of the local smoothness as

A(n) = arg ml?x{f(n, k)}.

This estimator is common and widely used in classic time-frequency anal-
ysis [9-11].

4. For an M component graph signal z(n) = Zf\il zi(n) = Zf\il a;ug, (n),
the local smoothness is

A(n) = Zicy 0iluy, () — ity i, (n)

M M
Zi:1 UL, (n) Zi:1 AU, (n)

The ideal vertex-frequency representation should not be based on the lo-
cal smoothness A(n) of the complete multicomponent signal, but on the
smoothness of each individual signal component x;(n) denoted by A;(n).
Its form is

M
1,k ~ Y [ai(m) 600 = ().

The concept of ideal vertex-frequency distribution can be extended to
piecewise multicomponent signals.
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Fig. 10 Ideal vertex-frequency distribution.

5.

The local smoothness property holds for a general vertex-frequency distri-
bution G(n, k) if

S AG(n, k)

= \(n). 35
Yiey G(n. k) ) (%)

Example: The ideal time-frequency distribution I(n,k) = |z(n)|?5(\x —
A(n)) satisfies the local smoothness property if A(n) € {A1, Ag,..., An} for
all n.

The local smoothness bandwidth for a vertex-frequency distribution G(n, k)
that satisfies Property 5 is defined by

_ 2 Ok — A(m)*G(n, )
iy G(n, k)
:M_yn 36
>py Gn, k) ) (%)

o3 (n)
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3.3 Vertex-Frequency Power Distribution

We will present two forms of vertex-frequency distributions. For the first form,
we will follow the electric circuit reasoning, while for the second form, the signal
processing definition of energy will be used.

3.4 Vertex-Frequency Power in Electric Circuit

Consider a resistive electric circuit and the corresponding graph, where the
edge weights w,,, are equal to the corresponding conductances 1/R,,,. The
potential at the vertex n is denoted by z(n). The power in all edges connected
to the vertex n is equal to the sum of all (z(n) — x(j))?/Rn; or wyj(xz(n) —

x(4))%. Tts value is
N
n) = Zwm‘(ﬂﬁ(”) - x(7))%

The power within the whole network is
N Ny
P =33 Sunslan) — a(i))*
n=1j=1

The factor % is the result of the fact that all edges are taken twice in the
summation over all vertices in the circuit. This relation can also be obtained
by introducing the external current generators ig(n) at each vertex. These
generators are needed to obtain the actual potentials z(n). The vector of all
external currents is denoted by ig. According to Kirchoff’s first law iz = Lx.
The total power in a circuit is then calculated as

N N
P=xig=x(Lx) =Y 2(n) Y wn;(x(n) - z(j)).
n=1 J=1
It can be written as

N N N
P =355 Sl — 23X (K) () — ().

n=1k=1j=1

The total power is obtained as a sum of the terms

Z Swnj(@(n) — (7)) X (k) (uk(n) — ur(5))
j=1

over the vertex and frequency indices as

N N
P=>">"P(nk).

n=1k=1
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Therefore, the value of P(n, k) can be considered as a vertex-frequency power
distribution of signal z(n) over this graph, The marginal properties of this
distribution are:

P(n, k) = M| X(k)]? = X3 (k) and

] =

n=1

wnj(x(n) — 2(j))* = a3 (n), (37)

WE

P(n,k)=>"

1 =1

where 2% (n) = L, (n)z(n).

We have obtained that the spectral power is of the form | X (k)|?. For k =
1, this power is zero-valued, since A\; = 0 and the corresponding eigenvector
ui(n) is constant. A constant potential does not produce any power in the
network, since the voltage between each pair of vertices is 0. This kind of
power, proportional to the frequency (squared), is present in the Teager energy
operator.

We can define inverse Laplacian of a signal using the transform X?(k)/\.
Since the Laplacian of a signal, with the transform A; X (k), is a kind of second
order derivation on a graph, its inverse can be considered as a kind of (double)
integration on a graph.

Example: Consider the graph signal from Fig. 1. Its vertex-frequency power
distribution is shown in Fig. 11. The marginal values of this distribution (37)
are exact.

=
Il
N

3.5 Signal Energy Vertex-Frequency Distributions

Energy in signal processing is commonly defined as

k
where the vertex-frequency energy distribution is defined by [31]

N

E(n, k) = z(n)X (k)ug(n) = Z z(n)z(m)uk(m)ug(n). (38)

m=1

This corresponds to the Rihaczek distribution in time-frequency analysis.
The marginal properties of this distribution are

N N
Y E(n,k)=|X(k)]> and Y E(nk)=a>(n).
k=1

n=1
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Fig. 11 Vertex-frequency power distribution.

They correspond to the signal power and squared spectra of the graph signal
The vertex-frequency distribution defined by E(n,k) = z(n)X (k)ux(n)
satisfies the local smoothness property (35). For this distribution

Sal ME(mE) SN Ma(m)X (B)ug(n) _ a(n)La(n) _ Lo(n) _
S Emk) Sl am)X (Rug(n)  @2) a(n)

since E,ivzl A X (k)ug(n) are the elements of the inverse GDFT of AX. This
inverse transform is equal to

UAX = UA(UTU)X = (UAUT)(U)X) = Lx

with elements £;(n). Therefore, fo:l A X (K)ug(n) = Ly (n).

For this vertex-frequency energy distribution, the local smoothness band-
width (36) may easily be written in terms of the elements of L?x, Lx, and x,
since 22;1 N X (k)ug(n) = L, (n).

Ezample: The distribution E(n, k) of the graph signal from Fig. 1, along
with the marginal properties, is shown in Fig. 12. The marginal properties are
satisfied up to the computer’s precision. The localization of energy is better
than in the cases obtained with the localized windows in Figs. 5 and 11. This
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Fig. 12 Vertex-frequency energy distribution.

distribution does not use a localization window. Although the first component
of the signal analyzed in Fig. 12 exists in vertices n € V; = {1,2,...,13} only,
the distribution E(n, k) is nonzero for higher vertex indices n at k1 = 20. This
is the cross-term effect, well-known in classical time-frequency analysis. The
same effect can be seen at higher vertex indices n at k1 = 52 as well.

4 Reduced Interference Vertex-Frequency Energy Distributions

The general class of time-frequency energy distributions is extended to graph
signals in this section with the aim to reduce the cross-term interferences, while
preserving the marginal properties [32]. After a review of the classical Cohen
class of distribution, conditions for the vertex-frequency marginal properties
are derived. Few examples of the vertex-frequency energy distributions are
given.

4.1 Review of the classical Cohen class of distributions

Although it is known that any distribution can be used as the basis for the
Cohen class of distribution, the Wigner distribution is commonly used [9-11].
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Having in mind that the Wigner distribution is not suitable for the graph
framework extension, here we will use the Rihaczek distribution as the basis.
Since this kind of the Cohen class of distributions is not presented in common
literature on time-frequency analysis, a short review of the Cohen class of
distributions is presented. The Rihaczek distribution is [9-11]

R(t,w) = x(t) X" (w) exp(—jwt).

Its ambiguity domain form (a two-dimensional Fourier transform of R(t,w)
over t and w) is

0,7) = % / X () X* (u — 0) exp(j (u — 0)7) .

The Cohen class of distributions, with the Rihaczek distribution as the
basic distribution, is defined by

//A c(0, 1) exp(—jwt) exp(j6t)drde,

where ¢(0, 7) is the kernel function. Using the defined ambiguity domain form
of the Rihaczek distribution A(0,7) we get

C(t,w) = 2//X )edut *J“t/c(ufv,T)e*jT“’ej”‘deudv.
(39)

The frequency-frequency domain form of the Cohen class of distributions, with
the Rihaczek distribution as the basis, is

C(t,w) //X yelute j”t(b(u—v,w—u)c?id;},
T

where
Pu—v,w—u)= /c(u — v, T)e VeI T,
T

The marginal properties are met if the kernel ¢(8, 7) satisfies the conditions

¢(0,0) =1 and ¢(0,7) =1

4.2 Reduced Interference Distributions on Graphs

We will first consider the frequency-frequency domain of the general energy
distributions satisfying the marginal properties. The frequency domain defini-
tion of the presented energy distribution (38) is

N

E(n, k) = 2(n) X" (k)uj(n) = > X (p) X" (k)up(n)uj (n).
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Although the basis functions are commonly real-valued, here we used complex-
valued notation for possible generalization to the adjacency matrices and di-
rected graphs.

Therefore, the general graph distribution form is

=D > XX (@up(n)uy(n)d(p, k. q)- (40)

p=1g=1

For ¢(p,k,q) = 6(q¢ — k) the graph Rihaczek distribution (38) follows. The
unbiased energy condition

> > G(n,k) =E,
k=1n=1
is satisfied if
N
> é(pk,p) = 1.
k=1

The distribution G(n,k) may satisfy the vertex and frequency marginal
properties:

— The vertex marginal property is satisfied if

N
k=1
since

N N N
Y G k) =) Y X)X (q)up(n)uy(n) = |a(n).
p=1q=1

k=1
The same condition is required for the vertex moment property
N N N
Z Z n™G(n, k) = Z n™|x(n)|?.
n=1k=1 n=1

— The frequency marginal property is satisfied if

Then the sum over vertex index produces

N
S Gn k) = Z|X 26(p, k,p) = | X ()

since

N
> up(n)ug(n) = d(p - q),
n=1
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that is, the eigenvectors are orthonormal. If the frequency marginal prop-
erty holds, then the frequency moment property holds as well,

N N N
SN ETGn, k) =Y k"X (K.
n=1k=1 k=1

The reduced interference vertex-frequency distribution G(n, k) satisfies the
local smoothness property (35) if

N
> MG(n, k)
1 L.(n
kN = S = (41)
G(n, k)
k=1
This means that
N N N
S STST X (0) X (9)up(n)u(m)Aed(p, k. q)
k=1p=1q=1
N N N = A(n)
SN X)X (@)up(n)uy ()6 (p, b q)
k=1p=1g=1
if
N N
S opka)=1 and > M. k.a) = Ay
k=1 k=1

4.3 Reduced Interference Distribution Kernels

A few examples of the reduced interference kernels that satisfy marginal prop-
erties, will be presented next.
Choi-Williams (exponential) kernel: The classic form of this kernel is

c(0,7) = exp(—0272/(20?)).
The frequency-frequency form of this kernel is
#(0,w) = FT.{c(d,7)} = exp(—w?c?/(26%))|0 /0| 2.
Its shifted version would be

ﬂexp(—(ﬂ (W—U)Z).

olu—v,w—u)= v — ul 2(v — u)?

A straightforward extension to the graph signal processing would be to use
the relation A ~ w?, with appropriate exponential kernel normalization. We
have implemented this form and concluded that it produces results similar to
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Fig. 13 Frequency-frequency domain exponential (left) and sinc (right) kernels at k =
N/2 = 32.

the simplified form that satisfies the marginal properties and decays in the
frequency-frequency domain. The form of this kernel is

_ ! IA *)\k|

where
- (o)
|>\ — Al
for g # p and ¢(p, k,p) = d(k — p). It satisfies both marginal properties.

The vertex-frequency distribution with the exponential kernel (Fig. 13
(left)) is presented in Fig. 14. This kind of distribution presents correctly
the signal components, preserving the marginal properties and reducing the
cross-term effects as compared to Fig. 12.

Sinc kernel: The simplest reduced interference kernel in the frequency-
frequency domain, that would satisfy the marginal properties, is the sinc ker-
nel. Its form is

for [k —p| <|p—q|

0 otherwise,

o(p,k,q) = {”211”'

This kernel, with appropriate normalization, is shown in Fig. 13 (right), for
k = 32. A vertex-frequency representation with this kernel would be similar
to the one shown in Fig. 14. Additional examples can be found in [32].

Separable kernels
If the kernel is separable, such that

o(p, k,q) = g(k — p)g(k — q),
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Fig. 14 Vertex-frequency reduced interference distribution using the kernel from Fig.
13(left) with its marginal values equal to |z(n)|? and | X (k)|?, respectively.

then we can write G(n, k) = | Z;V:l X(p)g(k — p)uy(n)|. This is a frequency
domain definition of the graph spectrogram. The relation between the vertex
domain spectrogram (6) and the frequency-frequency domain distribution is
complex.

The separable kernels cannot satisfy the marginal properties, since §(k —
p) = é(p,k,p) = g*(k — p) means g(k — p) = §(k — p). These kernels do not
satisfy Zgzl o(p, k,q) =1 for all p and q.

Vertex-vertex shift domain distribution
The general vertex-frequency distribution can be written for the vertex-
vertex shift domain as a dual form to (40)

G(n, k) = x(m)x™ (Dug(m)ur (l)p(m,n,l), (42)

m=1[=1

where ¢(m,n,l) is the kernel in this domain (the same mathematical form as
the frequency-frequency domain kernel). The frequency marginal is satisfied if

N
> elm,n,1) =1
n=1
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holds. The vertex marginal is met if
o(m,n,m) = d(m —n).

The relation of this distribution with the vertex domain spectrogram (6) is
simple using

p(m,n, 1) = hn(m)hy, (1)

N N
=D > H®H (@)up(m)uy(n)uj(D)u;(n).

p=1g¢=1

This kernel is defined by the frequency domain window form H(p). It cannot
satisfy both marginal properties. The unbiased energy condition

N
Y e(m,n,m)=1
n=1
reduces to (21).

Classical time-frequency analysis

The approach presented in this chapter can be extended to the directed
graphs and adjacency matrices as well. The classical Fourier and time-frequency
analysis follow from a directed ring graph. The adjacency matrix decomposi-
tion produces complex-valued eigenvectors of form uy(n) = exp(j2rnk/N)/v/N.

4.4 Local Smoothness Estimation

For the considered signal, presented in Fig. 1, we calculate local signal smooth-
ness by definition (33) and as the maximum positions

A(n) = arg m]?x{G(n, k)}

of the various vertex-frequency representations. The results are presented in
Fig. 15 and in Table 1. The local smoothness is calculated only at the vertices
where signal has significant values (with instantaneous power |x(n)|?> higher
than 0.03 of the maximal instantaneous power max,, |x(n)|?). The exact local
smoothness is presented with a line and the estimated local smoothness at the
considered vertices is represented by dots. The number of outliers (vertices
where estimated smoothness is not equal to the exact one) is calculated. The
mean squared error of the estimations is also presented in each considered
case.

Next we considered the same signal and graph example with a white Gaus-
sian noise added to the signal samples. The signal-to-noise ratio (SNR) is
3.6dB. The results are given in Table 2. We can see that the local smooth-
ness estimation based on the signal Laplacian is very sensitive to noise, while
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Fig. 15 Local signal smoothness for the graph signal presented in Fig. 1 estimated by
using: a) the Laplacian of the graph signal (33), b) the vertex-frequency energy distribution
(Fig. 12), c) the reduced interference vertex frequency distribution (Fig. 14), d) the graph
spectrogram with a vertex domain window (Fig. 3), and e) the graph spectrogram with a
spectral domain window (Fig. 5). The smoothness, presented with dots, is calculated only
at the vertices where |z(n)|? > 0.03 maxy, |z(n)|2. Solid line is the exact local smoothness
in the considered example.

the vertex-frequency based estimations are robust with a slightly increased
number of outliers in the noisy case.

Concentration measures obtained as the #;-norm of the Rihaczek and the
reduced interference distributions [28] are 19.63 and 13.26, respectively. They
confirm the fact that the reduced interference distribution has improved the
concentration in the vertex-frequency domain.
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Table 1 The number of outliers and mean squared error of the local smoothness for a noisy
free signal.

Calculation method numb.er of MSE
outliers
Laplacian of the signal 4 0.019
Rihaczek’s distribution 1 0.003
Reduced interference distribution 1 0.003
LVS with vertex domain window 3 0.133
LVS with spectral domain window 4 0.013

Table 2 The number of outliers and the mean squared error of the local smoothness for a
noisy signal with SNR=3.6dB.

Calculation method number of MSE

outliers
Laplacian of the signal 36 0.874
Rihaczek’s distribution 5 0.119
Reduced interference distribution 3 0.019
LVS with vertex domain window 4 0.087
LVS with spectral domain window 8 0.120

5 Conclusion

Vertex-frequency representations of graph signals have been presented. In the
first part of the chapter, the linear signal forms, along with the corresponding
window forms and spectrograms, are analyzed. In the second part of the chap-
ter, the local smoothness factor is introduced. The energy vertex-frequency
distributions are presented. These distributions do not require localization
windows. Energy distributions are extended to the general reduced interfer-
ence distribution class. This class of graph signal distributions reduces the
cross-terms and satisfies the graph signal marginal properties. The theory is
illustrated through examples.
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